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Foreword 



These notes constitutes a slightly informal introduction to what is often called the 
theory of (singular) holomorphic foliations with emphasis on its local aspects that 
may also be called singularity theory of holomorphic foliations and/or vector fields. 
Though the text is unpolished, we believe to have provided detailed proofs for all 
the statements given here. The material is roughly split into two parts, namely 
Chapters 1 and 2. Chapter 1 is primarily devoted to motivation for the theory of 
"(singular) holomorphic foliations" and in this direction it contains several examples 
of these foliations appearing in situations of interest. It also contains some general 
background from analytic geometry and topology that are often used in their study. 
This chapter is essentially of global nature so its purpose is indeed to motivate (and 
to provide some for) the study of globally defined foliations/differential equations 
rather than the study of their singularities that is the object of Chapter 2. Ex- 
planations for this discrepancy begin by saying that these notes are planned to be 
continued in the future with the inclusion of new chapters. Besides it is interesting 
to point out that the (local) study of singularities already entails a global perspective 
once the dimension of the ambient is at least 3. The simplest way to notice the exis- 
tence of global foliations (possibly with rather complicate dynamics) hidden into the 
structure of a singularity of a vector field defined on, say, (C^, 0), is to perform the 
blow-up of the singularity in question (cf. Section 1.4.1). In general, the blown-up 
foliation will induce a globally defined foliation on the resulting exceptional divisor 
(isomorphic to the complex projective plane in this case). Actually this foliation de- 
pends only on the first non-zero homogeneous component of the Taylor series of the 
mentioned vector field. Besides all foliations on the projective plane are recovered 
in this way, see "Example 3" in Section 1.3. 

Chapter 2 is then devoted to the singularity theory for vector fields/foliations. 
Most of the chapter is taken up by the case of singularities defined on (C^, 0) where 
the theory has reached a high level of development, with landmark progresses being 
represented by the papers of Mattei-Moussu and of Martinet-Ramis, |M-Mj , |Ma-Rj . 
Much of this chapter is indeed devoted to present the results of these papers. Yet we 
have also included some classical and more recent material concerning singularities 
in higher dimensions. 

In a sense these notes are vaguely reminiscent from a course the first author 
lectured at Stony Brook several years ago. He would like to thank the audience of 
his course and specially Andre Carvalho and Misha Lyubich for their interest. The 
project of writing these notes, however, would never be undertaken if it were not 
by the interest of Gisela Marino to whom we are most grateful. Gisela was the first 
to put into typing and fill in details of definitions and proofs for most of what is 
now "Chapter 2", cf. [Mr]. Unfortunately she did not wish to continue her study 
and left to us to complete the present material (as well as the planned subsequent 
chapters) . 



The authors 
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Chapter 1 

Foundational Material 



We are interested in understanding the behavior of first order ordinary differential 
equations in C^, where the "time" parameter is in C. 

To begin with, let us recall the main aspects of real ordinary differential equa- 
tions. Complex Ordinary Differential Equations (ODEs) can then be obtained from 
real ones from a natural "complexification" procedure. It will be seen that complex 
ODEs are closely related to singular holomorphic foliations. 

1.1 Real Ordinary Differential Equations 

Let X : — )• be a vector field given by X(x, y) = {P{x,y),Q{x,y)), where P 
and Q are polynomials. The ordinary differential equation associated to this field 
is: 



Since the vector field is sufficiently smooth (C°°, in fact) we may assert that 
given a to £ IK and (xo,?/o) £ 1^^, there exists a unique solution (j)(t) = 02(t)) 
of (11. ip defined on a neighborhood of to, and verifying 



Furthermore, there exists the concept of extending a local solution to obtain a 
solution defined on a maximal domain, i.e, on the "largest possible interval" . This 
means that for each (xq, yo) G there exists an interval I{xq, yo) and a solution ip 
of ( II. ip defined on /(xo,?/o) which satisfies the following conditions: 

1. if {to) = (xo,i/o) • 




(1.1) 



0(to) = (0i(to),02(to)) = {xo,yo) ■ 
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2. If ip defined on / C M, £ I, is another solution of (11. 11) verifying ^/'(to) = 
{xo,yo), then, I C /(xo,yo) and, furthermore, (y?!/ = ^z^. 

Let C M X ]R2 ]jq ^i^g Qpgj^ {{t,xo,yo) e R^;t e I{xo,yo)}. The /Zow 
associated to fll.ll) is defined to be: 

(t,Xo,?/o) 

where is the solution of (11. ip such that 0(to) = {xo,yo). 

Notice that the flow may not be complete. That is, it may not be defined for 
all t G M, since I{xQ,yo) is not necessarily the whole real line. On the other hand, 
it is easy to check that, when I{xo,yo) ^ M then xci/o) tends to infinity as 
t approaches the extremities of I{xo,yo), for a fixed {xo,yo). Here we say that 
xq, yo) "tends to infinity" in the sense that it leaves every compact set contained 
in the domain of definition of X. 

Remark 1.1 The above discussion actually holds for every regular (say C^) vector 
field on arbitrary manifolds. Also it is well-known that, if the orbits of a regular 
vector field are contained on a compact set, then the maximal interval of definition 
for the corresponding solutions is, indeed, M. In other words the flow generated by 
this vector field is complete. In particular every regular vector field defined on a 
compact manifold (without boundary) is complete. 

Let us now return to our polynomial vector field X = {P,Q). What precedes 
implies that the image of $ decomposes into a set of curves (orbits of X) along 
with the singular points of X. To develop this remark further, let us recall the 
definition of (regular, real) foliations. 

Definition 1.1 Consider a manifold M of real dimension n. A foliation J-" of class 
and of dimension k {1 < k < n) on M consists of a distinguished coordinate 
covering {[/j, i & I, of M satisfying the conditions below: 

1. Ifie I, then ipi{Ui) = 1/1 x cM'' x W'"'', where U} , Uf are open discs of 
M*^ and W^~^ respectively. 

2. If i,j E I and Ui fl Uj ^ 0, then the change of coordinates tpi o ^J-^ : tpj{Ui fl 
Uj) ipii^UinUj) has the form ipiOip~^(^x,y) = {hi{x,y),h2{y)) where xeM.^ 
and y G W'-^ . 

Naturally a distinguished coordinate covering for a foliation J-" can automatically 
be enlarged to a maximal foliated atlas. A distinguished coordinate ipi : Ui 
^n-k sometimes called a foliated chart., a foliated coordinate or even a trivializing 
coordinate for T . Given a foliated chart i\) as above, a set of the form '\\)~^(JJ\ x cte) 
is called a plaque. A plaque chain is a sequence of plaques ai,...,ai such that 
ai n ftj+i 7^ for every i G {!,...,/ — 1}. We then introduce an equivalence relation 
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between points of M by stating that p G M is equivalent to g G M if there is a 
plaque chain ai, . . . , a/ such that p G ai and q G a/. The classes of equivalence of 
this relation are said to be the leaves of J-". 

Remark 1.2 If M is a complex manifold and the changes of coordinates for a 
foliated atlas are, in fact, holomorphic diffeomorphisms then we have a holomorphic 
foliation. 

With this terminology, we return to the vector field X . A standard fact about 
Ordinary Differential Equations is the so-called Flow Box Theorem. It states the 
existence of a diffeomorphism R defined on a neighborhood \^ of a non-singular 
point of X, such that R^X = ci, where (ei, . . . , e„) denotes the canonical basis of 
M". Once again, this result holds for vector fields (r > 1) and the resulting 
diffeomorphism R has the same regularity of the vector field. 

In particular, away from the singular points of X, the Flow Box Theorem implies 
that solutions of ODEs are the leaves of a foliation of dimension 1. In this sense, 
we say that the image of $ defines a singular foliation on M^. We shall make this 
definition more formal in the sequel. 

1.2 Complex Ordinary Differential Equations 

We now wish to extend these notions to the complex case. The main idea is to 
identify C" with M^" by considering a complex structure on M^". To do this, we 
must define an automorphism of M^" that plays the role of the multiplication by 



a/— 1 in a complex vector space. More precisely, a complex structure on M^" consists 

of an automorphism J : M^" — )■ M^"- satisfying = —Id. In the sequel we are going 
to use the "standard" complexification, where J is given by J{xi,yi, . . . ,Xn,yn) = 
{-yi,xi, -yn,Xn). 

Now, let X : C"^ ^ C"^ given by X{zi, Z2) = {P{zi, Z2), Q{zi, Z2)) be a polynomial 
vector field. The complex ODE associated to this field is 



where the time parameter T is complex. Once again, X being a holomorphic vector 
field, the complex version of the Theorem of Existence and Uniqueness for regular 
ODEs guarantees that given To G C and (a, b) G there exists a unique holomor- 
phic solution (t>(T) = (01 (T), (p2(T)) of fll.2p defined on a neighborhood B of To, and 





(1.2) 



satisfying: 



0(To) = (0i(To),02(ro)) = (a,6). 



The next step would be to try to glue together these local solutions so as to 
obtain a "maximal domain of definition". However we notice that, in general, this 
is not possible since the time parameter T is in C. Indeed, the problem is that. 
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as we try to glue together the neighborhoods, their union V may not be simply 
connected (see figure below). Consequently, the solution 4>{T) may not be well- 
defined on all of V, i.e, it may be multi-valued. This is an important difference 
between real and complex ODEs. This phenomenon is illustrated by Figure (11. 2p . 
since the intersection of Vi and V2 is not connected, solutions defined on Vi and V2 
cannot, in general, be "adjusted" to coincide in both connected components. 




Figure 1.1: V" = Vi U V2 is not simply connected. 

Let us now introduce a more geometric point of view for these topics. Using the 
above mentioned identification of C with (and with M^), a solution of (II. 2p 
starting at (a, b) = (ai + ia2, hi + ^62) niay be regarded locally as a "piece" of real 
2-dimensional surface Lq in M'' passing through the point (ai, 02, &i, &2)- In addition, 
at (oi, 02, ^2), Lq is tangent to the vector space spanned by the vectors 

^(o,o)(0i,02)- J ^ , £'(o,o)(0i,02)- J ^ , (1-3) 

where = (</)i, </)2) is regarded as a real map from i? C to M"^, and {i = 1, 2) 
satisfies the Cauchy-Riemann equations. Notice that T(^a,b)Lo is invariant under the 
automorphism J, due to the Cauchy-Riemann equations, so that T(^a,b)Lo is indeed 
a complex line, i.e the image of a one- dimensional subspace (over C) of ~ 
under the preceding identification. 

As the initial conditions (a, b) vary, from (II. 3p we obtain a distribution of 2-real 
dimensional real planes (or complex lines) that can be integrated in the sense of 
Frobenius to yield 2-dimensional surfaces (or complex curves). In particular, away 
from its singular set, the vector field defines a foliation of real dimension equal to 2. 
Furthermore this foliation is holomorphic as it follows from the complex version of 
the Flow Box Theorem. 

The leaves of the foliation in question inherit a natural structure of Riemann 
surfaces. Actually an atlas for this structure is provided by the local solutions 
of (II. 2p . More precisely, is a holomorphic diffeomorphism from i? C C to its image 
in the leaf (Riemann Surface) Lq. 

Summarizing what precedes, a holomorphic vector field on immediately yields 
a holomorphic foliation on away from its singular set. Again we also say that the 
vector field defines a singular foliation on which is said to be its associated foli- 
ation (or underlying foliation). Conversely, given a (singular) holomorphic foliation 
J-", in order to obtain the vector field whose non-constant orbits are the leaves of 
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J-", we need an extra data. More precisely, we must associate a complex number (or 
vector in M^) to the tangent space of each leaf, so as to recover the parametrization 
of the leaves of J-", which in the above situation was given by 0. This complex num- 
ber will be playing the role of the "speed" of the flow of X. It allows us to recover 
the local parametrizations for the leaves of the foliation which are given as local 
solutions of fll.2p . 

Clearly the notion of singular holomorphic foliation is a convenient geometric way 
to think of a complex ODE (equivalently a holomorphic vector field). Nonetheless 
the above remark shows that it does not capture all the information contained in a 
vector field. As already mentioned, the local solutions (j) in general cannot be glued 
together and this makes the problem of extending them, as far as possible, more 
subtle. We shall return to this problem later. 

1.3 Basic Definitions and Examples 

After the relatively informal discussion of the previous section, we shall now begin 
to provide precise definitions and detailed statements. 

Definition 1.2 A complex manifold of dimension n is a differential manifold 
equipped with an atlas {Ui^ipi} such that: 

is holomorphic whenever Ui fl Uj ^ 0, and ipi : Ui ^ Vi ^ C", ipj : Uj — V,- C C". 

By virtue of the Cauchy-Riemann equations, the Jacobian determinant of a holo- 
morphic diffeomorphism is always positive. It then follows that every complex man- 
ifold is orientable. 

The Cauchy-Riemann equations also imply that a map F : U C. M^" — t- M^" is 
holomorphic if and only if DF{Jv) = J{DFv), for v E U . So that vectors in M^" 
invariant under J are sent by DF to vectors that are invariant under J as well. In 
other words, if F is holomorphic then DF preserves n-dimensional complex planes. 

Next, we shall give a working definition of singular holomorphic foliation on a 
complex manifold which is going to be used throughout these notes. 

Definition 1.3 A singular holomorphic foliation T defined on a complex manifold 
M" consists of the following data: 

1. There exists an atlas {Ui^ipi} compatible with the complex structure on M", 
where ^pi : Ui ^ Vi C . 

2. There exist holomorphic vector fields Xi defined on each Vi, given by Pi,v^-^ + 
• • • + ^■^^i'^- 
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3. If Ui nUj then there exist functions hij : tpilUi fl Uj) — ?■ C such that: 



When M is a complex surface (i.e. M has complex dimension 2), we have initially 
thought of singular foliation as being a regular foliation defined away from finitely 
many points (the corresponding singularities). In this regard the definition above 
seems to be more restrictive. Yet this is not the case. 

If the functions hij are actually all constant and equal to 1, then we have, indeed, 
a holomorphic vector field on M. 

Definition 1.4 A holomorphic vector field X defined on a manifold is such 
that, given an atlas of M"^ , {Ui,ipi}, the following equation is satisfied: 

(V^,- o V'-i),x,(v^,(?7, n u,)) = x.iipjiu, n u,)) , 

where ipi : Ui ^ Vi G C" and Xi are as in Definition \1.3[ . 

In the sequel we present a list of vector field and foliations of varied nature. 
Our main purpose is to convince the reader of the richness and importance of the 
subject. The first elementary examples will also give us a hint that the condition 
required to define a vector field on a complex manifold is much stronger than the 
conditions that allow us to define a singular holomorphic foliation. 

Example 1: Complex Tori 

Let A be a lattice on C". The n-dimensional complex torus is the quotient 
space C"/A. Notice that a constant vector field Y on C" induces a holomorphic 
vector field on the torus. In fact, constant vector fields are obviously preserved 
by the translations of C" associated to the elements of A. Thus Y descends as a 
holomorphic vector field to the torus given by the quotient C"/A. 

Example 2: Hopf Surfaces 

Consider Ai, A2 in C* such that |Ai| < 1 and | A2I < 1. Let a{zi,Z2) = 
{XiZi, X2Z2). The Hopf surface M associated to a is the quotient (C^ \ {(0,0)})/cr. 
It is immediate to check that M is, in fact, a complex 2-dimensional manifold. 

Let X{zi, Z2) = P{zi, ^2)^ + Q{zi, 2^2)^ be a polynomial vector field on \ 
{(0,0)} such that 

d d 

X{a{zi, Z2)) = aP{zi, Z2)-Q^ + PP{zi, ^2)-^ , 

where a/Ai = P/X2- Then X defines a singular holomorphic foliation on (C^ \ 
{0,0})/(T. The reader will notice, however, that in order to obtain a holomorphic 
vector field in the Hopf surface, one should have the above ratio equal to 1. This 
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indicates that in Hopf surfaces, there are many more holomorphic fohations than 
holomorphic vector fields. 

The following concrete example illustrates this. Let Ai = and A2 = e~^. 
Consider the polynomial vector field given hy X — P{zi, Z2) d/dzi + Q{zi, Z2) d/dz2 
where: 

P{zi, Z2) ^ zl + Z1Z2 , 
Q{Zi,Z2) = Z2+2zfz2. 

Notice that 

X{a{zi,X2)) = e-^P{zi, ^2)^ + e-^'Qizi, 2:2)^ . 
On the other hand, 

d d 
Da.X{zi, Z2) = e''^P{zi, ^2)^ + e~'^Q{zi, ^2)^ , 

so that Da.X[zi, Z2) = e^X[a{zi^ Z2)). In view of the above discussion, the vector 
field X induces a holomorphic foliation on M but not a holomorphic vector field. 

Example 3: Complex Projective Plane (Space) 

Foliations on complex projective spaces constitute the main source of examples, 
in the sense that they are easy to describe and, in addition, they usually already 
encode the essential difficulties of more general cases. For this reason, they are going 
to be treated here with a significative amount of details. Let us begin by considering 
the following relation of equivalence: 

zr~.z'^3\eC* ; z = \z- G {(0,0,0)}. 

The equivalence classes (C^ \ {(0,0,0)})/ ~ form the 2-dimensional complex pro- 
jective space, denoted by CP (2). 

Two points (a, 6, c), (a', 6', d) e \ {(0, 0, 0)} define the same point in CP (2) if 
and only if 

a/ a' = h/h' = c/c' , 

so that the projection tt : C^ \ {(0,0,0)} — )■ CP (2) is determined by the ratios 
between the coordinates of (a,6, c). Traditionally 7r(a, 6, c) is denoted by (a : 6 : c) 
and a, b, c are called homogeneous coordinates for {a : b : c). 
Let us consider the following open sets that cover CP (2): 

Ua = {(a:6:c)GCP(2) ; a ^ 0} ; 
Ub = {(a : 6: c) G CP(2) ; 6^0}; 
C/c = {{a:b:c)e CP (2) ; c ^ 0} . 

Along with these open sets, we have the following coordinate charts: 

ifa-.Ua ^ C^ 

{a : b : c) ^ {b/a,c/a) = {x,y) ; 
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(a : 6 : c) c/6) = (m, v) ; 



{a : b : c) i->- {a/c,b/c) = {z,w) . 



Now let Loo = CP (2) \ E„ = {(0 : 6 : c) e CP (2); (6, c) G C^}. A direct 



inspection using the coordinate charts introduced above shows that Loo is isomorphic 
to CP (1). Thus CP (2) = C^UCP (1) i.e. CP (2) may be regarded as C^ being added 
to the Riemann sphere. In this sense CP (2) is a compactification of C^. Moreover 
in the affine coordinates {x. y). L^o corresponds to "infinity" and Loo is hnearly 
embedded in CP (2). For these reasons it is caUed the line at infinity. Finally, we 
note that this construction applies to any affine coordinates in CP (2), that is, any 
affine C^ C CP (2) gives rise to a "line at infinity" . 

We will construct singular holomorphic foliation on CP (2) in a similar way to 
what was done in the case of Hopf surfaces. 

Let us consider a homogeneous polynomial vector field X = + + 
on C^ \ {(0, 0, 0)} of degree d. Consider the action of C* on C'^ \ {0, 0, 0} given by 
the homotheties cr{zi, Z2, z^) = {Xzi, Xz2, Xz^), X e C*. As already pointed out, the 
quotient of this action is precisely CP (2). On the other hand, note that 



X{a{zi, Z2, zs)) = X'^P{zi, Z2, zs)^ + X'^Q{zi, Z2, ^3)^ + X'^R{zi, Z2, ^3)^ ■ 



Da.X{zi, Z2, Z3) = XP{zi,Z2, Z3)- h XQ{zi, Z2, Z3)- h XR{zi, Z2, ^3)^ ■ 



Therefore Da.X = X X so that "the directions" associated to X are invariant 
under homotheties. Hence X indeed defines a singular foliation on CP (2). 

Another equivalent way to define a singular holomorphic fohation in CP (2) is 
to consider a polynomial vector field in C^ and see that it can be extended to an 
holomorphic foliation on all of CP (2). Details are provided below. 

In fact, it can be shown that every holomorphic foliation in CP(2) is induced by 
a polynomial vector field in C^. 

Let X — P-^ + be a polynomial vector field in the affine coordinates (x, y). 
Naturally, it induces a rational vector field Y (resp.Z) defined on the affine coordi- 
nates {u,v) (resp. {z,w)). Then we only need to multiply the vector fields Y, Z by 
their denominators so as to have holomorphic ones (indeed polynomial ones). 

For example, Y is given by: 



Besides, 



Y{u,v) 
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As already mentioned, this vector field is not holomorphic in the domain of the 
coordinates {u,v) since it has poles over {u = 0}. However, multiplying Y by u'^, 
the new vector field u'^Y is obviously holomorphic (and with isolated singularities) 
in the domain of {u,v). Now changing from the coordinate system {u,v) to {x,y) 
one obtains 

D{<faOipb)-{u''Y) = u''D{<faO<fb).Y{u,v) 

Repeating this procedure with the other coordinate charts, we obtain a holomorphic 
foliation on CP (2). Finally note also that the original polynomial vector field on 
does not induce a holomorphic vector field on CP (2). Instead it induces a 
meromorphic vector field whose poles are contained in the corresponding line at 
infinity. 

This has an obvious generalization to higher dimensional complex projective 
spaces which is left to the reader. 

We have constructed singular holomorphic foliations on CP (2) following two a 
priori different methods: 

• By means of a homogeneous polynomial vector field on C^. 

• By means of a polynomial vector field on C^. 

It is easy to check that both constructions are equivalent in the sense that they 
produce the same set of foliations. This verification is implicitly carried out in the 
proof of Lemma (11.21) . It is however much harder to show that these constructions 
give rise to all singular holomorphic foliations on CP (2). This is the contents of 
Theorem (11. ip below. 

Theorem 1.1 Let J-" be a singular holomorphic foliation on CP (2). Then there is 
T is induced by a homogeneous polynomial vector field X on which, in addition, 
has singular set of codimension at least 2. 

In view of Theorem (II. ip . it is natural to try to define a notion of degree for a 
foliation on CP (2). At first, one might feel tempted to define it as the degree of a 
polynomial vector field representing the foliation in affine coordinates. However, as 
the reader can easily verify, this degree may, in fact, vary depending on the affine 
coordinates chosen. 

The following lemma will motivate the correct definition of the degree for a 
foliation J-' on CP (2) induced by a polynomial vector field X = P-^ + Q-^ on 

C^. Let P = Yl'i=QPi{^^y) ^'^d Q — Yl'i=QQi{^^y) where Pj, Qi are homogeneous 
polynomials of degree i. 

Lemma 1.1 The "line at infinity", L^o, o/ CP(2) is invariant under the foliation 
T , induced by X as above, if and only if the top-degree homogeneous component 
Pd.-^ + Qd.-^ is not of the form h{x, y){x^ + y^), for some polynomial h of degree 
d-\. ^ ^ 
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Proof. To understand the behavior of X = P^+Q-^^ near infinity in the coordinate 
system {x,y), we use the following change of coordinates: u = ^, v = ^. So that 
this vector field in the coordinate chart {u, v) is given by: 

^{u,v) ^ J \^ Q{l/u,v/u) 

-u\P{l/u, v/u))— + u{Q{l/u, v/u) - vP{l/u, v/u)) — 

and now we only need to analyze the corresponding foliation on a neighborhood of 
{u = 0}. 

Let us denote X]j=o P{^/u, v/u), and Ylii=o Qi by Q{l/u, v/u). Notice that 
u'^P(l/u,v/u) — uhi{ujv), u'^Q{l/u,v/u) = uh2{u,v) for appropriate polynomials 
hi and h2 of degree d — 1. Also, u'^Pd{l/u,v/u) = P(i{l,v), naturally there is an 
analogous expression for Q^. Multiplying the vector field X{u, v) by m"^"^ we obtain 
a holomorphic vector field in the (m, u )-coordinate which is given by 

d d 
Y{u,v) = -u{Pd{l,v) + uhi{u,v))— + {Qd{'i-,v) - vPd{l,v) + ug{u,v))— , 

where g{u, v) = h2{u, v) — vhi{u, v). 

Now, if Qd{l,v) — vPd{l, v) = 0, the components of Y{u, v) are both divisible for 
u. By eliminating this common factor, it becomes clear that the line at infinity is 
not preserved by the foliation. Conversely, if Qd{l,v) — vPd{l,v) is not identically 
zero. Loo is preserved, since the component d/du of Y vanishes identically over 
Loo ^ {m = 0}. 

Finally it is clear that (5^(1, v) — vPd{l, v) vanishes identically if and only if the 
top-degree homogeneous component is radial. ■ 

Definition 1.5 The degree of a foliation J-' on CP (2) given by the compactification 
of the polynomial vector field X = P-^ + Q-^ of degree d and having only isolated 
zeros is equal to: 

1. d — 1, if there exists a polynomial h(x,y) of degree d — 1 such that Pd-§;^ + 
Qd^ = h{x,y){x-^+y^). In other words, d—1 if the top-degree homogeneous 
component of X is a multiple of the radial vector field. 

2. d, otherwise. 



It should be verified that this is indeed well-defined. 

Here we shall give a more geometric interpretation of the degree of a foliation 
as defined above. In fact, the contents of this lemma can be used as an equivalent 
definition of degree. 

Lemma 1.2 Let be a singular holomorphic foliation on CP (2) of degree d. Then 
the following holds: 
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1. There is a homogeneous polynomial vector field Z of degree d on C'^, with 
singular set of codimension at least 2, which induces T by radial projection of 
its orbits; 

2. The number of tangencies of T with a generic projective line is d. 

Proof. Let us first show that the projection of the foliation associated to a homo- 
geneous polynomial vector field of degree d on is, indeed, a foliation on CP (2) 
having degree d. Let Z = X]i=o -^*(^05 2:1, ^2)^, where (^0,^1,^2) stands for the 
coordinates of C^. In the chart {x,y) = {zi/zq, Z2/Z0), the vector field Z becomes 

d d 
X = P{x,y)— + Q{x,y)— , where 



P{x,y) = Hi{l,x,y) - xHo{l,x,y) 
Q{x,y) = H2{l,x,y) -yHo{l,x,y) . 

If Hq{1, X, y) has degree d (i.e, Hq is not divisible by Zq)? then X has degree d + 1. 
Furthermore, the top-degree component of X is given by —HQ{l^x,y){x^ + y^), 
where stands for the homogeneous component of degree d of Ho{l,x,y). So, 
according to Definition (11. 5p . J-" has degree d. 

If HQ{l,x,y) has degree less than d (i.e, Hq is divisible by zq), then at least one 
between Hi{l,x,y) and H2{l,x,y) must have degree d, otherwise all of the three 
polynomials would be divisible by zq. This would mean that the singular set of 
Z has codimension 1, which contradicts our assumption. Therefore, X has degree 
d, and once again Definition (II. 5p implies that J-" has degree d. The converse is 
analogous and establishes the first part of the statement. 

Let us now consider the tangencies between J-" and a generic line in CP (2). 
Modulo performing a projective change of coordinate, we may suppose that the 
tangencies with a generic projective line y = Xx are all contained in the main affine 
chart of CP (2) so that they are given by: 

XP{x, Xx) = Q{x, Xx) , 

that is, by the zeros of the polynomial XP{x,Xx) — Q{x,Xx). Hence the number 
of tangencies (counted with multiplicity) is the degree of XP{x,Xx) — Q{x,Xx). 
However, if d is the degree of the fohation, then either Pd{x,y)-^ + Qd{x,y)-^ is 
radial (and consequently X has degree d+1) or it is not (and X has degree d). 
The first case is equivalent to have XPd{x, Xx) — Qd{x, Xx) = 0, which means that 
XP{x, Xx) — Q{x, Xx) has degree d. The other case only happens when the top- 
degree component of XP{x, Xx) — Q{x, Xx) is not zero, implying that the degree of 
this polynomial is d. The converse is again analogous. ■ 

According to Theorem (II. ip and to Lemma (ll.2p . the space Fol (CP (2), con- 
sisting of singular holomorphic foliation of degree d is naturally contained in the 
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space of homogeneous polynomial vector fields of degree d on three variables. Be- 
sides two such vector fields having a singular set of codimension at least 2 define the 
same foliation if and only if they differ by a multiplicative constant. Thus a simple 
counting of coefficients yields the following corollary: 

Corollary 1.1 The space Fol (CP (2), c?) is naturally identified with a Zariski-open 
set of the complex projective space of dimension 

l)(rf + 3) - 1. 

□ 

It should also be noted that the group of automorphims of CP (2), PSL (3,C), 
has a natural action on Fol (CP (2), d) through projective changes of coordinates. 

Example 4: Foliations on weighted projective spaces 

This is a very natural generalization of the previous example that often appears 
in higher dimensional questions related to resolution of singularities, cf. for example 
[X] . They are also similar to foliations on Hopf surfaces. 

A polynomial P on n variables {xi, . . . , x„) is said to be quasi-homogeneous with 
weights [ki, . . . , k^) and degree d if and only if for every A G C* one has 

P(A'=^^i,...,A'="^„) = A'^P(^i,...,^„). 

For example P{x,y, z) = xz + y'^ is not only quadratic (ie homogeneous of degree 
2) but also quasi-homogeneous of degree 4 relative to the weights (1, 2, 3). 

Chosen a set of weights (fci, . . . , we have a natural action of C* on C" \ 
{(0, • • • ,0)} given by 

A. (2:1, . . . , Zn) = {X'^^Zi, . . . , \'^"Zn) ■ 

Consider the quotient space of C"\{(0, . . . , 0)} where two points are identified if and 
only if they belong to the same orbit of C*. The resulting space is a compact manifold 
with singularities called a weighted projective space whose dimension is obviously 
equal to n — 1. Whether or not it actually has singularities, this type of manifold 
can be given an algebraic structure since it can be realized as a Zariski-closed set of 
a complex projective space with sufficiently high dimension. The existence of this 
imbedding can easily be shown by means of Pliicker coordinates. 

Alternatively the quotient of this C*-action can also be realized as the quotient 
of the projective space of dimension — 1 by some finite group of automorphism. 

Next a polynomial vector field Pid/dxi + ■ ■ ■ + Pnd/dxn is said to be quasi- 
homogeneous with weights {ki, . . . , kn) and degree d if and only if for every A G C* 
one has 
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where A stands for the map {zi, . . . , Zn) i— )■ (A'^^Zi, . . . , A'^"^^). An example of quasi- 
homogeneous vector field with weights (1, 2, 3) and degree 4 is 

(^^ + ?/')^ + (2^?/ + 3^')^ + - y3 + 2z^)^ . 

If X is quasi- homogeneous with weights (fci, . . . , kn) then the definition above 
implies in particular that X unequivocally defines a complex direction at each point 
of the projective space with the same weights (/ci, . . . , kn). Being of complex dimen- 
sion 1, these directions can naturally be integrated to form a singular holomorphic 
foliation. Therefore quasi-homogeneous vector fields give rise to singular holomor- 
phic foliations on weighted projective spaces. 

Example 5: Riccati Foliation The classical Riccati equation is given by 

^ = a{x)y^ + b{x)y + c{x) , 

where x, y are complex variables. We are interested in the case where a, b, c are 
rational functions of x. In this case, if P denotes the least common multiple of the 
denominators of a, b, c,, the preceding equation is equivalent to the vector field 

X = P{x)d/dx + ia*{x)y'' + b*{x)y + c*{x))d/dy , 

with a*,b*,c* polynomials. Although it is possible to compactify the associated 
foHation on CP (2), it is more natural to compactify it in CP(1) x CP(1). Consider 
the "vertical" projection tti onto the first factor. The change o coordinate (x, y) i-> 
{x, 1/y) allows one to check that the vector field X has a holomorphic extension to 
the "infinite" of the fibers (or to the section at infinity). However X has in general 
poles on the "fiber over infinity" of affine coordinates {l/x,y). In the initial affine 
coordinates {x,y), we see that the set {P — 0} is consituted by invariant fibers 
and contains all the (affine) singularities of the underlying foliation A similar 
calculation applies to the fiber over infinity. Thus we conclude that the foliation 
associated to X has the following properties: 

1. It admits a nonzero number of invariant fibers given in the affine coordinates 
{x, y) by {P — 0}. The fiber over infinity may or may not be invariant by this 
foliation. 

2. The union of these invariant fibers contains all the singularities of T. 

3. Away from the invariant fibers, J-' is transverse to the fibers of tti. 

Since the fibers of tti are compact, a simple remark due to Ehrcsmann guarantees 
that the restriction of tti to the regular leaves of J-" (different from the invariant 
fibers) defines a covering map onto CP(1) \ {pi, . . . ,pk} where pi, . . . ,pk G CP(1) 
are precisely the projection of the fibers invariant under T. 
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Fix a fiber Trf ^(p), with p ^ {pi, . . . ,Pk}- Thanks to the remark above, paths 
contained in CP(1) \ {pi, . . . can be hfted in the leaves of Therefore we can 
consider the global holonomy of F (w.r.t. tti). This is given by a homomorphism 

pni(CP(l) \ {pi, . . . ,pfc}) Aut (7rr'(p)) ~ Aut (CP(1)) . 

Since Aut (CP(1)) is isomorphic to PSL(2,C), the homomorphism p can also be 
viewed as taking values in this latter group. In particular the theory of the Riccati 
equations is naturally connected to the theory of finitely generated subgroups of 
PSL (2, C). In particular, in the cases where the group is in addition discrete, to the 
theory of Kleinian groups and consequently, at least to some extent, to hyperbolic 
geometry in dimension 3. We also note that, conversely, a classical result due to 
Birkhoff states that every finitely generated subgroup of PSL (2, C) can be relized 
as the monodromy group of some Riccati equation. As a matter of fact, this cor- 
respondence is not unique: there are several Riccati equations possessing the same 
monodromy group. This raises the question of trying to find the "simplest" Riccati 
equation realizing a given monodromy group. As far as we know, this question has 
not been addressed to in the literature. 

Example 6: Linecir Equations 

Linear equations are among the most classical topics in complex analysis. They 
generalize Riccati equations as well as many other equations such as Gauss hypergeo- 
metric equation, Puchsian equations and so on. Furthermore they play a significative 
role in the theory of vector bundles over Riemann surfaces. 

In a classical setting we consider a meromorphic function from C with values 
on GL(n, C). for some n > 2. These are simply a family of invertible matrices 
of rank n whose coefficients are meromorphic functions defined from C to C. The 
notion of invertible matrices of course refer to those points away from the poles of 
these coefficients. 

Example 7: Jouanolou Foliation 

This is a very special example of foliation on the complex projective plane. Fixed 
n e N*, the Jouanolou foliation Jn of degree n is the foliation induced on CP (2) by 
the homogeneous 1-form 

Q = {yx"" - ^"+') dx + (z?/" - dy + {xz"" - y''+') dz . 

The reader will notice that the kernel of Q always contains the radial direction so 
that it naturally induces a fine field, and hence a foliation, on CP (2). In terms of 
homogeneous vector field, the foliation J„ is given by 

Odd 
ox ay oz 

In standard affine coordinates, {z = 1}, the foliation is induced by the vector field 
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The main result of Jouanolou states that leaves no algebraic curve invariant. 
Foliations leaving algebraic curves invariant will be discussed in detail in Chapter 3 
and the foliations J„ will play a significative role in the discussion. For the time 
being, let us only mention some elementary properties of J„. The proofs of the 
assertions below amount to direct inspection in the spirit of the preceding example, 
they are therefore left to the reader. 

We beginjx = y = z} hj noticing that Jn is left invariant by a nontrivial group 
of automorphisms of CP (2). To identify this group, let C be a primitive A^*^-root of 
the unit with N = n'^ + n + 1. The cyclic group H generated by the automorphism 
T{x, y, z) = {(z, C~"2/, z) preserves Jn as well as it does the group K generated by 
the cyclic permutation S{x, y, z) = {y, z, x). The order of H is precisely + n + 1 
while the order of K is obviously equal to 3. It can be checked that T and S generate 
the maximal group of automorphisms of CP (2) preserving J„. 

It is a remarkable fact that all the foliations J„, n G N*, are obtained by means 
of a family of quadratic foliations on CP (2). This can be done as follows. Consider 
that map T„ : CP (2) — )■ CP (2) given in homogeneous coordinates by T„(x : y : 
z) = {y'^^^z : z'^^'^x : x'^^^y). This induces a ramified covering of CP (2) with degree 
N = ri^ + n + 1. It can be checked that J„ is the pull-back T^Qn where Q„ is the 
quadratic foliation on CP (2) induced by the homogeneous vector field 

d d d 

Xn = x{x - ny)-^ + y{y - ^^)^ + ^(^ - ^^^'q^ ■ 

The reader will immediately check that Qn has exactly 7 singularities. These corre- 
spond to the radial lines invariant by X„, namely the coordinates axes, {x = y = z}, 
t.(0, + 1, 1), t.{n + 1, 1, 0) and t.(l, 0, + 1) where t G C. Q„ also leaves 3 projec- 
tive lines h,l2,h invariant, namely those induced by projection of the coordinates 
2-planes. It is easy to see that the lines h,l2,h form a "triangle" containing the 
singularities of Qn except for the singularity {x = y = z}. This "triangle" is the 
"maximal" algebraic curve invariant by Qn- 

Naturally X„ is still invariant by the permutation S, and hence by the group 
K. It is therefore possible to further "simplify" Qn by exploting these symmetries. 
This would lead us to a foliation of higher degree leaving a single irreducible alge- 
braic curve invariant. Further information on Jouanolou foliations can be found in 
Chapter 3 along with some specific references. 

Example 9: Ramanujan Differential Equation 

This is a system of differential equations introduced by Ramanujan that plays a 
significative role in the part of Number Theory dealing with transcendent numbers. 
The system closed related to the following vector field defined on C^. 

1/2 ^ 9 I, . d 1. d 

^ = T2(" -y^Tx^?,^''y-'^d-y^2^'''-y^^z- 

This vector field is, indeed, a particular example of class of differential equations 
known as Halphen vector fields. These were detailed studied by A. Guillot in f Guj . 
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In later chapters, we shall have occasion to talk more about Halphen vector fields. 
For the time being, we would like to indicate very briefiy the connection between the 
above vector field and the theory of transcendent numbers, for further information 
we refer the reader to |Ma-Ro] . This begins with the so-called Ramanujan P,Q,R 
functions that can be defined by explicit formulas as follows. 

oo 

P{t) = l-24^ai(n)r, 

n=l 

Q{t) = I + 2A0a^^^as{n)r , 

oo 

R{t) = 1 -504(T^(T5(n)r, 

n=l 

where t G C and (7k{n) = 'Yl,d\n^^^ o^kin) is the sum of the fc^'^-powers of the 
positive integers dividing n. Since these formulas may look especially weird, let us 
mention that they can be obtained from rather natural procedures with automorphic 
functions. For our present purpose however the above definition will suffice. For 
example, it makes easy to see that these functions are defined for < 1. It is less 
easy to see that the unit circle constitutes an "essential boundary for them" in the 
sense that the have no holomorphic extension to a neighborhood of any point in the 
circle. The interest of these functions for number theorists is partially due to the 
fact that they assume "specially remarkable values" for specific choices of t. 

According to Ramanujan, the functions P, Q, R verify the following nonautonomous 
system of differential equations: 



tp'it) = 




-Q), 


tQ'it) = 


\(PQ- 


R), 


tR'{t) = 


\(PR- 





Although this system is not autonomous, it ensures that the "velocity vector" 
of the parametrized curve t i— )■ {P(t),Q(t), R(t)) is parallel to X at the point 
{P{t),Q{t), R{t)). In other words, this curve parametrizes a leaf of the foliation 
J-" associated to X. Actually, the image of this curve also contains the point (1, 1, 1) 
that technically speaking does not belong to the leaf in question since (1, 1, 1) is a 
singular point of X. 

If we choose to 7^ (for example to =) and the corresponding point (P(to), Q(to), R(to)), 
we can compare the functions P,Q,R with the actual solutions {x{t),y{t), z{t)) 
of the vector field X satisfying the initial value condition {x(to),y{to), z{to)) = 
{P{to),Q{tQ), R{to)). This would lead us to the simple (1- dimensional) equations 
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x' = tP', y' = tQ' and z' = tR' . Therefore the solutions are 



xit) 


= tP{t) H 




- to)P{to) - 


[ P{s)ds 

Jto 


yit) 


= tQ{t) ^ 


-(1 


-to)Q{to) - 


[ Qis)ds 

Jto 


z{t) 


= tR{t) 4 


-(1 


- to)Rito) - 


/ R{s)ds 

Jto 



Naturally the effect of changing the initial data to 7^ and {P{tQ),Q{tQ), R(to)) 
essentially amounts to performing a translation for the functions (x, y, z) and thus 
is of little importance. 

Summarizing the preceding discussion, we conclude that information on the prop- 
erties of P,Q,R can be extract from the study of the solutions of the vector field 
X. 



Example 10: The Lorenz Attractor 

In the course of the past few years, the dynamical system associated to Lorenz 
attractor has become a paradigmatic example of "chaotic dynamics". The vector 
field defining the dynamical system was introduced by Lorenz in [L] in connection 
with a evolution problem for atmospheric conditions. In general, the domain belongs 
to fluid dynamics and the phenomenon is governed by the KdV equation. Since these 
equations are notoriously hard to be analysed, Lorenz thought of his vector field as 
a simplified model to describe this evolution. The vector field in question is simply 
given by 

X = 10{y - x)^ + (28x -y- xz)^ + {xy - 8z/3)-^ . 

It is therefore a quadratic vector field (obviously X is not homogeneous so that 
"quadratic" here is a abuse of language) defined on M^. Despite its innocent ap- 
pearance, S exhibits a remarkably complicated dynamics. A traditional picture of 
the plotting of orbits of X looks like figure 11.21 




Figure 1.2: 
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Figure seems to indicate the presence of an "attractor" for X. The definition 
of the term "attractor" may vary depending on the context and we shall give none 
in this discussion. In any case the guiding picture to bear in mind is that of a 
"compact invariant set" attracting nearby orbits. In particular, orbits of points 
that actually belong to the attractor remain contained in it forever (both in "past" 
and in "future"). Since this attractor is not hyperbolic, it was called "strange". 
Here the reader may consider that hyperbolicity is the best known mechanism to 
produce this type of behavior. Besides, it has been established that the attractor, if it 
existed, was robust, ie. it could not be destroyed by performing a small perturbation 
on X. Curiously enough, the very existence of Lorenz attractor was settled only 
recently by W. Tucker through rigorous numerics [T]. An interesting survey on the 
Lorenz attractor containing in particular precise definitions and notions is [V]. For 
a beautiful geometric discussion of the properties of this attractor, including some 
wonderful graphics, the reader is referred to |G-L] . 

Although the interest on Lorenz vector field has primarily to do with its real 
dynamics, this vector field can equally well be thought of as being a complex poly- 
nomial (and thus holomorphic) vector field defined on C^. It is natural to consider 
this complexification not only for it may provide new insight in the real dynamics, 
but also because it is likely to be interesting in itself. Besides, in view of Example 3, 
it may be useful to consider the holomorphic extension to CP(3) of the foliation 
associated to X. 

Elementary calculations yield some basic facts, such as singularities and existence 
of invariant curves, about J-" viewed as a singular holomorphic foliation on CP(3). 
In the affine C^, the foliation has exactly three singularities corresponding to the 
points (0,0,0), (6\/2, 6\/2, 27) and (-6V^, -6^2, 27) which in addition have non- 
degenerate linear part. Also the axis {x = y = 0} is obviously invariant by J-". 
The plane at infinity A = CP(3) \ is also invariant by J-" and contains 3 other 
singularities of it. In coordinates x = 1/u, y = v/u and z = w/u, the plane at 
infinity is given by {u = 0} the restriction of J-" to this plane coincides with the one 
induced by the vector field —28wd/dv + vd/dw. In particular, it has a singularity 
whose eigenvalues vanish at u = v = w = 0. The complement of the coordinates 
V, w in A is a projective line that is, in addition, invariant by J-". This line contains 
the last two singularities of J-". 

The picture of the existence of the Lorenz attractor and the consequently exis- 
tence of real orbits lying entirely in some compact set of raises the question of 
knowing if a similar phenomenon will happen with the complex leaves of J-". This is 
however not the case. Still the question serves as motivation for us to state and proof 
Proposition 11.11 below. This proposition will play a significative role in Chapter 4 
as well as it does in many aspects of the study of holomorphic foliations on complex 
projective spaces. 

Proposition 1.1 Let be a holomorphic foliation o/CP(n) and consider the foli- 
ation J^^ obtained as the restriction of to an affine C"' C CP(?7.). Then no regular 
leaf of can entirely he contained in a compact set C C". 
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It is to be noted that this proposition cannot be derived as an immediate con- 
sequence of the maximum principle since the orbits of need not be compact. 
Indeed, in the compact case, we can consider the projection of the compact leaf on a 
chosen coordinate and argument that the image of this projection must be a single 
point by virtue of the maximum principle. In fact, there must be a point in the 
leaf corresponding to a projection of "maximal modulus". It then follows that the 
projection in question is constant. In the case of open leaves, it is not obvious that 
the maximum of a projection as above is attained so that we cannot conclude that 
the projection is constant. 

Proof. Suppose for a contradiction that L is a regular leaf of J^^ that is wholly 
contained in a compact set K d <C^. Consider a polynomial vector field X tangent 
to T. The leaf L oi T can then be considered as an orbit of X. Since X is uniformly 
bounded in K, there exists e > such that for every p e K the solution cp of 
X satisfying the initial condition (p{t) — p is defined on a disc of radius r about 
i e C Now we proceed by choosing a point pi G L (1 K and considering the 
solution (pi satisfying <^i(ti) = pi, for some ti e C. Naturally (pi is defined on the 
disc B^{ti) of radius e about ti e C. Next consider a point t2 in the boundary of 
B^{ti). Modulo reducing e from the beginning, we can without loss of generality 
suppose that (fi(t2) = P2- However p2 must belong to K so that the solution ip2 of 
X satisfying f2{t2) = P2 is defined on the disc B^{t2) of radius e about t2. Since the 
union B^{ti) U B^{t2) is simply connected, it follows from the monodromy theorem 
that the solutions ipi, (p2 can be patched together into a solution of X defined on 
B^{ti) U B^(t2). Actually, since ^2 is arbitrary in the boundary of B^(ti), it follows 
that this boundary can be covered by finitely many discs as indicated above. By 
repeatedly using the monodromy theorem, we conclude that the initial solution (pi, 
^lih) = Pi, can be extended to a disc of radius e + 5 about ti with 5 > uniformly 
chosen. An obvious induction shows that this solution is defined on the disc of radius 
€ + k5 about ti for every k e N. In other words, cpi is defined on all of C. 

The desired contradiction follows now from Liouvillc Theorem: since Lpi is a 
bounded holomorphic map from C to C" it must be constant. The proposition is 
proved. ■ 

1.4 Basic tools 

1.4.1 The Blow-up of manifolds and of foliations 

At first sight, the "blow-up" may be thought as a device that simply creates new 
manifolds out of previous ones. However, it will be seen that it is particularly useful 
to understand the behavior of foliations or vector fields at singular points. 

Definition 1.6 The blow-up of at (0,0) is a complex manifold obtained by 
identifying two copies of in the following way: 

{x,t) {s,y) ^ s^j; y^tx {t^Q.s^Q), 
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where {x, t) and {s, y) are the coordinates of the two above mentioned copies. 

By definition, the exceptional divisor of is C given by {x — 0} (resp. 
{y — 0}) in the coordinates {x,t) (resp. Therefore E is well-defined and it 

is isomorphic to CP (1). 

The blow-up mapping tt : ^ is given by 7T{x,t) = {x,tx) and 7r(s,7/) = 
{sy,y). Moreover, it verifies the following: 

• 7r-i(0,0) = E; 

• TT : \ £^ ^ \ {(0, 0)} is a holomorphic diffeomorphism; 

• TT is proper (i.e. the preimage of a compact set is also compact). 

Now we shall define the blow-up of a complex 2-dimensional manifold M at a 
point p G M. Consider a local coordinate chart ip : U ^ W G defined on a 
neighborhood U of p and such that ■^(p) = (0, 0). 

Let W — 7r~^{W), where tt is the blow-up mapping. Let M' be the disjoint union 
of M \ {p} with W, and consider the following equivalence relation: 

qo ~ qi <S=^ qo^U\{p} , gi G \ £; and qi = 7r-^(V'(qo)) ■ 

The blow-up M of M at p is the quotient M'/ ~. Notice that M is indeed a smooth 
complex manifold for is a manifold and n'^ot/j : U\{p} — > W\E is a holomorphic 
diffeomorphism. ^ 

Similarly, there is a blow-up mapping from M to M (which will also be denoted 
by tt) that is proper and takes E to p, i.e. 7t{E) — p. Moreover, n : M\E ^ M\{p} 
is a holomorphic diffeomorphism. 

The blow-up of a foliation or vector field can also be defined in a natural way. 
Let X — F-^ + be a vector field on a neighborhood U of the origin in C^, 
where F and G are holomorphic functions. Suppose that (0, 0) is a singularity of X 
of order k {k is the minimum between the orders of F and G at (0, 0)). 

Let F = Yl'^=k ^ri) and G = ^^j. G„, where F^ and Gn are the homogeneous 
components of degree n of the Taylor ^eries of F and G, respectively. 

By using the blow-up mapping tt : C^\£' — > C^\{(0, 0)} in the (x, t) coordinates, 
namely Tr{x, t) — {x, tx) {x 0), Tr*X has a natural meaning. In fact, one has 

.y^f 1 \ f x''Fk{l,t)+x'^+\Fk+i{l,t)+xFk+2{^,t) + ...) \ 
\ -t/x 1/x J \x^Gk{l,t)+x''+\G,+,{l,t)+xGk+2{l,t) + ...) J ■ 

Setting /(x,t) = {Fk+iil, t)+xFk+2{l,t)+...) and g{x,t) = {Gk+iil,t)+xGk+2{^,t)+ 
. . .), the above equation becomes 

7r*X = x*^[Ffc(l,t)+a;/(a;,t)] —+x''-\-tFu{l,t)-xtf{x,t)+Gk{l,t)+xg{x,t)] - . 

(1.4) 



27 



It is to be noted that this vector field admits a holomorphic extension X to E 
{{x = 0}). Thus, X is defined to be the blow-up of X at the singular point (0,0). 
Moreover, if > 2 then X is singular at every point of E. Similarly, the blow-up of 
the foliation J-" associated to X is the foliation J-" associated to X. 

The behavior of J-" (and of X) on a neighborhood of E is significantly different, 
depending on whether or not Gfc(l,t) — tFk{l,t) is identically zero. Let us analyze 
each case separately. 

• If Gk{^,t) — tFk{l,t) is not identically zero. 

Dividing Equation (11. 4p by x^~^, the foliation remains unchanged and J^\^2\e 
is given by 

x[Fk{l, t) + xf{x, t)] — + HFfc(l, t) - xtf{x, t) + Gk{l, t) + xg{x, t)] — . 

Thus, the singularities oi on E are determined by the equation (7^(1, t) — 
tFk{l,t) = 0. Furthermore, we see that E {{x = 0}) is invariant under the 
foliation in question. 

• If Gk{l,t) -tFk{l,t) = (equivalently, if Ffc(x, + Gfc(x, ?/)|- is a multiple 



of the radial vector field x^ + v^) 

ox ov ^ 



' dx ~^ ^ dy 

In this case, we may divide Equation (II. 4p by x^ so as to obtain: 



[Ffc(l, t) + xf{x, t)] — + [-t/(x, t) + g{x, t)] - . 

Hence 

^U = Ffc(l,t) — + HFfc+i(l,t) + Gfc+i(l,t)] - 



Notice that Fk{l,t) is not identically zero, for if it were, then Gfc(l,t) = and 
(0, 0) would not be a singularity of order k as assumed from the beginning. 
Hence, the exceptional divisor E is not preserved by J-" and J-" may have no 
singularity contained in E. 



The leaves of J-" are transverse to E and are projected by tt onto curves passing 
through (0, 0) which are obviously invariant by J-". Due to the fact that vr is proper, 
the projection is an analytic set (the common zeros of a finite number of holomor- 
phic functions). A local analytic curve invariant by a foliation and containing the 
singularity of J-" is called a separatrix of J-". A singularity possessing infinitely many 
separatrizes is called dicritical. These singularities will be characterized in Chapter 2 
in connection with Seidenberg's theorem. 
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1.4.2 Intersection numbers: 

Let M be a real 4- dimensional compact oriented manifold. Consider two submani- 
folds 5*1, 5*2 of real dimension 2 with the induced orientation. 

Recall that the (set-theoretic) intersection of 81,82 consists of a finite number 
of points provided that 81 is transverse to 5*2 (we also say that ^i, 82 are in general 
position). If p G M is a point of fl 82, which is necessarily isolated, then the 
corresponding tangent space of M splits into a direct sum 

TpM = Tp8i © Tp82 , 

where Tp8i (resp. Tp82) stands for the tangent space to 81 (resp. 5*2) at p. In 
particular the orientations of Tp8i and TpS'2 taken together yield an orientation for 
TpM which may or may not coincide with the original orientation of TpM. We let 
z/(p) = 1 if these two orientations coincide and we let z/(p) = —1 otherwise. With 
these notations we define the intersection number ]^{8i fl 5*2) as 

tl(^in52)= Yl ^(P^) 

PiGSinS2 

provided that 81,82 are in general position. In the general case, we perturb 81 
into 8[ so that 8[, 82 are in general position and then set jK^i fl ^2) = tl(S'^ fl 82). 
The existence of the perturbation 8[ and the fact that '\\{8[ fl ^2) does not depend 
on the perturbation chosen are standard basic facts of Differential Topology (see 
for instance |Ko] ) . When S'l = 5*2 = 8, the number j^^i fl 82) is called the self- 
intersection of 8. 

Remark 1.3 Assume for a moment that M, 81, 82 are all complex manifolds (and 
that 81, 82 are sub manifolds) . If 5*1, 5*2 are transverse and p E 5*1 fl S'2, then the fact 
that complex manifolds have a preferred orientation implies that the orientations 
of M, 81, 82 at p are all compatible in the sense that z/(p) = 1. Thus, if 81, 82 are 
complex submanifolds in general position, one automatically has '\\{8i fl 5*2) > 0. 

Nonetheless if 81, 82 are not in general position, then it is possible to have '^\{8l fl 
^2) < 0. In fact, to obtain a perturbation 8[ of 5*1 in general position with 82, it 
may be necessary to work in the differential category, i.e. the perturbed submanifold 
8[ need no longer be a complex submanifold. 

A standard topological argument ensures that jK^i fl 82) depends only on the 
homology class of 81, 82. In the present case, this gives rise to a symmetric pairing 

( , ) : H2{M,Z) X H2{M,Z) — > Z 

which can be extended by linearity to an bilinear form on H2{M,M.) called the 
intersection form of M. In particular the signature of the intersection form is an 
important invariant of a differentiable 4-manifold. 

Let us close this short discussion with two simple facts whose verification is left 
to the reader. They are going to be freely used in the course of this text. 
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Fact: The self-intersection of the exceptional divisor vr ^(0) of is equal to —1. 

Fact: Suppose that is a compact Riemann surface S G M realized as a sub- 
manifold on a complex surface M. Suppose that M is the blow-up of M at a point 
p E S <Z M. Then, if S denotes the proper transform of S, one has 

^isns) = ^isns)-i. 

1.4.3 Complex and holomorphic vector bundles: 

Assume that M is a compact differentiable manifold. A C^-complex vector bundle 
on M consists of a family of complex vector spaces {Ex}x£M parametrized by M 
along with a C°°-manifold structure on E = [j^^j^ such that: 

1. The projection map vr : E — ¥ M taking Er^ to x G M is a C°°-map. 

2. For every Xq G M, there exists an open neighborhood U G M of Xq and a 
diffeomorphism 

commuting with tti, namely tt^e^ =1110 ipu\Ex or tti o ipu^E^) = const. 

3. The diffeomorphism ipu considered above takes Ex isomorphically onto {x} x 

The integer k is said to be the rank of the vector bundle and the diffeomorphisms ipu 
considered above are called its local trivializations. Given two trivializations ipu, <^v 
of the same vector bundle, the map 

guv ■■ UnV — ^ GL (A;, C) 

given by guv{x) = {^u ° ^v^)\{x}xc'= is differentiable. In addition these maps satisfy 
the identities 

guv{x) .gvu{x) =ld (1.5) 
9uvix) -gvwix) .gwuix) = ld, (1.6) 

where Id stands for the Identity map and the dot "." for the multiplication of 
matrices in GL {k, C). The functions guv are called the transition functions of the 
complex vector bundle. 

Conversely, to specify a structure of complex vector bundle on M, all we need is 
an open covering U = {Ua} of M together with C°°-maps gai3 : t/a Ht/^ — )■ GL (fc, C) 
satisfying the identities (11. 5p and (II. 6p . The description of complex vector bundles by 
means of transition functions is well-suited to define operations with them. Precisely 
let E ^ M and F — > M be complex vector bundles having transition functions {gap} 
and {/ia/s} with respect to the same covering U = {Ua} of M. Denote by k (resp. /) 
the rank of E (resp. F). We give below some standard examples of new vector 
bundles constructed from the previous ones. 
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1. E (B F (the direct sum). This vector bundle is determined by the transition 
functions ja/^ given by 

= ( «"f' , ) e GL (C ® C) c GL (C-') . 

2. E ® F (the tensor product). The transition functions are ja/six) = ga/six) ® 
h^isix) E GL (C^^C). 

3. A'^E (the exterior power). One sets iapi,^) = hJ'gap{x) G GL (A^'C*^). 

In particular h.'^E is a /me bundle given by jaisix) = Detga/^ix) G GL (C) ~ C*. 
This line bundle is referred to as the determinant bundle of E . 

Definition 1.7 A subbundle F G E of a bundle E is a collection {F^ C Ex}x&m of 
subspaces of the fibers E^ such that F = IJ^eM ^'^ submanifold of E. 

The condition that F C -E is a submanifold is equivalent to saying that, for every 
X G M, there exists a neighborhood U d M oi x and a trivialization ipu : Eu — )■ 
U X such that 

<^c/|F^ : F„ ^ t/ X d C f/ X 
Relative to these trivializations, the transition functions guv of E have the form 

^ (^\- f huv{x) iuv{x) \ 

The bundle F will have transition functions huv- Notice that the maps juv verify 
the identities (11. 5p . (II. 6p so that they define themselves a vector bundle on M. 
This vector bundle, denoted by E/F, is called the quotient bundle of E,F. As 
vector spaces we have {E/F)^ = E^/Fx, nonetheless there is no natural notion of 
orthogonality. 

It is natural to work out the condition on two sets of transition functions defined 
w.r.t. the same covering of M so that they define the same vector bundle. 

Definition 1.8 i) A map between vector bundles E, F is a C°° map f : E F 
such that f{Ex) C Ey and f^'-E^^ F^ is linear. The vector bundle E is said 
isomorphic to F if there if f such that fx is an isomorphism for all x E M. A 
vector bundle isomorphic to the product M x is called trivial. 

2) A section 6 of the vector bundle E -^'^ M over U ^ M is a C°°-map a : U ^ E 
such that a{x) G E^ for all x E U. In other words, is a map a : U ^ E such 
that 7T o a = Id. The set of sections (resp. local sections) is denoted by T{E) 
(resp. Tu{E)). 

3) A frame for E over U ^ M is a collection of ai, . . . , ak sections of M over 
U such that {ai{x), . . . , crk{x)} is a basis of E^ for all x E U. A frame is 
essentially the same thing as a trivialization over U . 
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Now let us assume that M is a complex manifold. A holomorphic vector bundle 
E M is a. complex vector bundle together with a structure of complex manifold 
on E such that the trivializations 

ifu ■■ Eu — >U xC'' 

are holomorphic diffeomorphisms (we say that they are holomorphic trivializations) . 
Transition maps guv '■ U (IV ^ GL {k, C) are now holomorphic. Conversely given 
holomorphic maps guv ■ U HV ^ GL (fc, C) satisfying identities fll.Sp . fll.6p . we 
can construct a holomorphic vector bundle realizing these maps as its transition 
functions. 

Example 1.2.D: The complex tangent bundle. 

Let M be a complex manifold and T^-M the complex tangent space of M at 
x e M whose dimension over C is 2N. Consider a neighborhood U of x with a 
coordinate chart ipu '■ f/ — )■ C". This coordinate induces a map 

ru ■■ T,M ^ T^^(.)C" ~ C{d/dx, , d/dy,} ~ C^" 

for each x in U. Hence we have a map 



which gives TM = [j,^^jjTxM the structure of a complex vector bundle called the 
complex tangent bundle of M. Transition functions for TM are 

juv = JacR(?/'[/ o ^-1) . 

Now T^M splits into T^M = T^M' © T^M" where T^M' = C{d/dzj} with d/dzj = 
d/dxj — id/duj. The collection of T^M' forms a subbundle of T^M which is called 
the holomorphic tangent bundle of M. The last bundle has transition functions 
given by 

juv = Jacc(V^c/ o^^^) . 

Example 1.2.E: vr-i(O). 

Recall that the blow-up of can be viewed as a holomorphic line bundle 
(i.e. a holomorphic vector of rank 1) over the exceptional divisor 7r~^(0) ~ CP(1). 
Consider the coordinates (a;,t), (s,?/) for introduced in paragraph 1.2 and set 

f/ = {(x,t) e ; t ^ 0} and V = {(s, G ; s ^ 0} . 

We also have the projection vr given in coordinates by ipu{,x^t) = {x,tx) and 
ipvi^jy) = {sy,y). The transition function for the holomorphic tangent space of 
is the Jacobian matrix of ipv ° '4'u^ ^^i ts ^ 0. Thus we obtain 



Jac {ipv ° ^u^] 



■i/e 

X t 
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Letting x = we obtain in particular the transition function for the tangent and 
normal bundles of 7r~^(0) which are respectively and t. 

Among vector bundles, line bundles (i.e. complex bundles of rank 1) play a 
prominent role in the study of Complex ODEs as well as in Algebraic Geometry as 
a whole. For this reason, we are going to say a few words about their classification, 
further information can be obtained in Chapter 4. To begin with, we note that the 
set of holomorphic line bundles over a compact complex manifold M form a group 
under the tensor product. The group structure can be made explicit by considering 
two line bunles L, V and a common open covering {Ui} for M such that both L, L' 
are trivial over the t/j's. In particular, for i ^ j and Ui fl Uj ^ 0, we have transition 
functions Qij, g[j respectively for L, L' . By definition, the functions gij, g[j take 
values on C*. Setting hij = gij.g'ij, it is immediate to check that the functions hij 
defined on Ui fl Uj verify the natural cocycle relations so that they define a new 
line bundle over M. The line bundle associated to these transition functions hij is 
L ^ L'. The resulting group is called the Picard group of M and it is denoted by 
Pic (M). 

In general the structure of Pic (M) is rather subtle and varies with the holomor- 
phic structure on M (for a fixed underlying differentiable structure). In particular, 
if M is in addition algebraic then Pic (M) is isomorphic to the group of divisors of 
M (cf. Chapter 4). On the other hand, the classification of complex line bundles 
in class i.e. in differentiable category, depends only on certain characteristic 
classes associated to M. These classes are called Chern classes. The first Chern 
class, ci(L), admits a particularly simple geometric interpretation. We consider a 
C°° section a of L such that M and a{M) are in general position. The intersection 
M n (t(M) is then a codimension 2 compact submanifold of M. Thus it defines an 
element of the homology of M in codimension 2 with integral coefficients. Finally 
Poincare duality yields an element in if^(M, Z) which is exactly ci(L). 

When M has dimension 1 i.e. it is a Riemann surface, then we have some 
precise statements. Already, it follows from the preceding that the C°° classification 
of complex line bundles is given by the self-intersection of the null section. In 
particular they are topologically trivial if and only if the self-intersection equals 
zero. As to the holomorphic classification, we have (cf. |Bej ) 

Lemma 1.3 Two holomorphic line bundles over CF (1) are isomorphic (holomor- 
phically diff'eomorphic) if and only if their null-section has the same self-intersection. 

By virtue of Lemma flL3p above, it is easy to construct models for all line bundles 
over CP (1). Indeed to construct a line bundle whose null-section has self-intersection 
n G Z we take two copies (x, y), (m, of and identify the points satisfying u = 1/x 

and V = x~'^y. 

Consider now holomorphic line bundles over an elliptic curve 5*. More precisely 
let us restrict our attention to the case of topologically trivial line bundles. Unlike 
rational curves, these holomorphic line bundles have "moduli" . The following is also 
very well known (cf. [X]). 
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Lemma 1.4 Topologically trivial holomorphic line bundles over an elliptic curve S 
are in one-to-one correspondence with points in C*. 

1.5 Tubular Neighborhoods 

When a (complex) manifold M contains a (complex) submanifold S, it is interesting 
to analyse the structure of a neighborhood of S in M. This is of much interest for 
Complex EDOs since they occasionally possess a compact leaf. It is then natural 
to investigate the structure of our equation on a neighborhood of this leaf since it 
makes a lot of information on the global behavior of the equation accessible to us. 
In particular, it is often necessary to know the structure of the neighborhood of this 
leaf as a submanifold. In the real setting, this structure is determined by the normal 
bundle of 5 in M as follows from the classical tubular neighborhood theorem whose 
statement we are going to recall. 

Definition 1.9 Let S be a (complex) submanifold of a (complex) manifold M. A 
tubular neighborhood of S in M is an open setV <Z M together with a (holomorphic) 
submersion Ii\V^S such that 

• V S is a (holomorphic) vector bundle. 

• S <ZV is naturally identified with the zero section of this vector bundle. 

According to the well-known "tubular neighborhood" theorem, a tubular neighbor- 
hood always exist in the different iable category. Indeed a tubular neighborhood V 
is isomorphic (as real vector space) to the normal bundle Tj^^S where the fiber 
over X & S is isomorphic to T^M/T^S. Actually the tubular neighborhood should 
be thought of as a "realization" of the normal bundle as an open neighborhood of 
S in M. 

In the holomorphic setting a holomorphic tubular neighborhood need not exist in 
general. This means that there may exist no holomorphic diffeomorphism between 
an neighborhood V ol S d M and a neighborhood of the zero-section in the normal 
bundle of S. 

Remcirk 1.4 In principle this may cause some confusion since the expression "tubu- 
lar neighborhood" is often used to refer to a neighborhood of a submanifold without 
taking in consideration the existence of any diffeomorphism between the neighbor- 
hood in question and a neighborhood of the null section of the corresponding normal 
bundle. Maybe we should use another word, for example collar neighborhood, to 
tell apart one situation from the other. Unfortunately, it seems that this "abuse of 
language" is already well established. Hopefully it will lead to no misunderstanding. 

To provide an example where a holomorphic diffeomorphism as above does not 
exist, it suffices to consider a trivial fibration over the unit disc D G C whose fibers 
are elliptic curves with different complex structures. Clearly the normal bundle of 
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the fiber Lq over G -D is trivial and, if a liolomorpliic tubular neigliborliood existed, 
tlien tlie restriction of 11 to a fiber would be a liolomorpliic diffeomorphism 
between Le and Lq. This is impossible provided that we vary the complex structures 
of the fibers. Here is an explicit construction. 

We consider an elliptic curve F of periods 2n and r. We also consider C x D 
equipped with coordinates (x, y) and impose the identifications 

{x, ~ (x + 2tt, ~ (x + r, y) . 

Next let us consider the identifications on C x D given by (x, ?/) ~ (x + 2tt, y) ~ 
(x + r, Xy) where A G C*. With these identifications Cx D becomes a surface S and 
{y = 0} can be thought of as an embedding of an elliptic curve F in E. Furthermore 
a neighborhood of the null section in the normal bundle of F in S is equivalent to a 
neighborhood of F in the original Cx D. However neighborhoods of F in C x D and 
in S are not equivalent. Actually even more is true: S is a topologically trivial line 
bundle over F. However, if A 7^ g27rjA;^ Fourier series shows that F is a rigid curve 
in S (i.e. F does not admit a holomorphic deformation) which contrasts with the 
topological triviality of S as bundle over F. 

It is an equally remarkable fact that, as far as fibrations are concerned, the 
preceding example is universal in a precise sense. To explain it, let us consider a 
C°°-trivial fibration whose fibers are complex manifolds (as well as the basis and the 
projection). More generally the reader may consider a smooth family of compact 
complex manifolds, i.e. a triplet consisting of a pair of complex spaces X and S 
along with a proper holomorphic map H form X onto S with connected fibers and 
flat. The condition of flatness of H can be expressed by saying the ring of germs of 
holomorphic functions at every point x G A" is a module over the ring of germs of 
holomorphic functions on X at H(x). If the spaces X, S are smooth, this condition 
simply means that H is a submersion. The "universal" character of our examples 
results from the following theorem. 

Theorem 1.2 (Fisher &: Grauert) A fibration as above is locally holomorphically 
trivial if and only if all fibers are isomorphic as complex manifolds. □ 

As a matter of fact, it appears that the existence of tubular neighborhoods for 
complex submanifolds was not very intensively studied. For the case of Riemann 
surfaces, a remarkable theorem due to Grauert gives a sufficient condition for the 
existence of a holomorphic tubular neighborhood. 

Theorem 1.3 (Grauert) Assume that S is a Riemann surface embedded as com- 
plex submanifold of a complex surface M. If the self-intersection of S is strictly 
negative, then there exists a holomorphic tubular neighborhood for S in M. 

Before discussing further Theorem f ll.3p . let us state a useful corollary which 
was already known to the Italian geometers. If S" is a Riemann surface in a complex 
surface M, we say that S is contractible if there exists another complex surface N 
and a proper holomorphic map n : M ^ N which collapses S into a point p & M 
and induces a holomorphic diffeomorphism from M \ 5* to \ {p}. 
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Corollary 1.2 Let S be a rational curve in M and assume that S has self-intersection — 1. 
Then S is contractible. 

Proof. Because of Grauert's theorem, a neighborhood of 5 in M is equivalent to a 
neighborhood of 7r^^(0) in C^. It is then obvious that S can be collapsed. ■ 

Let us now make some comments concerning Grauert's theorem or, more gen- 
erally, the existence of tubular neighborhoods for compact Riemann surfaces S em- 
bedded in complex surface M. 

To begin with it is necessary to point out the natural role played by the as- 
sumption on the negativity of the self-intersection of S. This lies in the fact that 
a Riemann surface S with negative self-intersection in M is isolated in the sense 
that there is a neighborhood U oi S <Z M containing no embedded compact Rie- 
mann surface other than S itself. Otherwise, we may consider a Riemann surface 
S' contained in a sufficiently small neighborhood f/ as a deformation of S, i.e. they 
belong to the same class in the second homology group of M. Hence we would have 

5.5 = S.S'. However S.S' is nonnegative as the intersection number of two complex 
submanifolds and the resulting contradiction shows that S is isolated in the men- 
tioned sense. Clearly for an isolated Riemann surface S, the mechanism we have 
used before to exclude the existence of a tubular neighborhood (as in Definition 1 1.9p 
for S can no longer apply: we cannot find in U other Riemann surfaces with complex 
structure different from that of S. 

A second comment involving Theorem (11. 3p is that it suggests a rather naive 
way to study the case of nonnegative self-intersection. This consists of blowing up 
a number of points in 5* so as to bring the self-intersection of S to, say, —1 (where 
S is naturally identified with its proper transform). The effect of these blow-ups 
amounts to adding a finite number of exceptional rational curves having normal 
crossings with S. In the new manifold, S has negative self-intersection and thus a 
neighborhood of it is isomorphic to a neighborhood of the null section in the normal 
bundle. To establish the existence of a tubular neighborhood for the "initial" S 
is then equivalent to show that the isomorphism in question can be extended to 
a neighborhood of the exceptional curves in a natural way. Although naive, this 
remark is useful in some cases, especially if one wants to prove index theorems. 

1.6 Miscellaneous 

This section is intended to collect several results, some of them very non-trivial, that 
are needed for a better understanding of the material discussed in the subsequent 
chapters. The discussion below is by no means self-contained. In fact, at some 
points it is necessary to use notions that are introduced only in Chapter 3, this is 
of course compounded with the several results presented without proof. To remedy 
for this situation, we try to keep the following two botton lines: 

1. Precise references for the theorems stated without proofs. 
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2. Whenever we state a theorem using notions and/or terminology that will be 
introduced only later, we also state the most used especial versions of it in a 
simpler language that hopefully can immediately be "decoded" . 

The section is organized in three main families of results: we begin with results 
belonging to Complex Analysis more directly. The second type of results discussed 
revolves around Serre's GAGA theorems. Finally we shall discuss the nature of 
automorphisms of compact complex manifolds. 

1.6.1 Local results in Complex Analysis 

We are going to begin with the well-known Weierstrass preparation and division 
theorems for germs of holomorphic functions. The corresponding proofs can be 
found in any standard book about several complex variables. 

Theorem 1.4 (Weierstrass Preparation Theorem) Let f be a holomorphic 
function defined on a neighborhood U of the origin of C" having the form U = 
U' X {\zn\ < r} for some r > and where U' is a neighborhood of the origin in 
C^^^. Suppose also that /(O, z^) is not identically zero on the disc \zn\ < r. Suppose 
also that /(0,z„) does not have zeros on the circle of radius r and let k denote the 
number of its zeros, counted with multiplicities, in the disc of radius r. Then, in a 
suitable neighborhood V = V x {\zn\ < r} C U, we have 

f{z', Zn) = U{z', Zn).{z^ + Ci{z')zt^ + ■■■ + Ck{z')) 

where z' = {zi, . . . , Zn-i), u{0, . . . , 0) 7^ and Ci is holomorphic for i = 1, . . . , k. 

It is convenient to say that a Weierstrass polynomial of degree k in Zn is a monic 
polynomial of degree k in Zn having coefficients that are holomorphic functions of 
z' = {zi, . . . , Zn-i). Here these coefficients, other than the leading one, are supposed 
to vanish at the origin. Summarizing, a Weierstrass polynomial as above is a function 
of the form 

2;^ + ci(2;>^^ + --- + Cfe(/), 

with Ci holomorphic satisfying Cj(0) = 0, z = 1, . . . , /c. 

The companion result of Theorem fll.4p is the so-called Weierstrass Division 
Theorem stated below: 

Theorem 1.5 (Weierstrass Division Theorem) Let f be as before. Consider a 
Weierstrass polynomial h of degree k in Zn- Then f can uniquely be written in the 
form f = gh + q where g is holomorphic on a neighborhood of the origin in C" and 
q is a polynomial in Zn of degree strictly less than k. 

Recall that an analytic subvariety V oi a. complex manifold M is a subset which 
is locally given as the intersection of the zero-set of finitely many analytic functions. 
This means that ii p E V, there is a neighborhood U <Z M containing p together 
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with holomorphic functions gi, . . . ,gr defined on U such that V HU = [^1=1 di^i^)- 
It is clear that if we have an holomorphic map / between complex manifolds M, A^, 
the preimage by / of an analytic subvariety C is itself an analytic subvariety 
of M. This is however not true for direct images unless the map in question is, in 
addition, proper. Indeed this is the contents of the Proper Mapping Theorem, also 
called Remmert's mapping theorem, whose statement is as follows. 

Theorem 1.6 Consider complex manifolds M, N along with a proper holomorphic 
map f : M ^ N. If V d M is a closed analytic subset of M , the its image 
f{y) d N is closed as well. □ 

It is also relevant to have some feeling concerning the local nature of an ana- 
lytic subvariety (also called "an analytic set"). In the sequel we present a rather 
elementary and yet useful way to "parametrize" one given set. The procedure is 
very standard and is detailed in several textbooks. Since we are dealing with local 
parametrizations, it suffices to consider analytic sets defined on a neighborhood of 
the origin in which will still be denoted by V . 

Let us begin with the case of curves, i.e. analytic sets of dimension 1 (the 
dimension of a singular set is the maximal dimensional of the complement of the 
singular set). Note also that the singular set must have codimension at least one 
inside the analytic set in question. In particular for the case of (germs of) analytic 
curves, we can suppose that the origin is the unique singularity of it. Germs of curves 
are known to admit a Puiseaux parametrization (cf. for example |Fuj ) . Precisely 
there exists a holomorphic map P : 3 ^ V, where D C C stands for the unit disc, 
satisfying the conditions below. 

• P{0) = (0, . . . , 0) and P is one-to-one from © to V. 

• P is a diffeomorphism from D* to \ {(0, . . . , 0)}. 
In terms of a coordinate t G ©, we can set 

p(^) = (^^P2(^),...,Pn(^)). 

Unfortunately, the existence of the Puiseaux parametrization does not generalize 
to higher dimensional analytic sets. Parametrizing these sets is therefore a less pre- 
cise procedure that essentially amounts to noticing that they (locally) are ramified 
coverings of a plane of suitable dimension. We describe below only the associated 
geometric picture. Proofs for our statements can easily be produced with the help 
of Weierstrass Preparation Theorem. 

1.6.2 Introduction to GAGA theorems and to Hartogs prin- 
ciple 

Let us now move to the second topic to be discussed in the section, namely the 
GAGA theorems [Se]. In vague but meaningful terms, one states the GAGA prin- 
ciple by saying that any analytic object defined over an algebraic manifold is indeed 
algebraic. 
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To begin the term algebraic variety will be used in what follows to refer to an 
irreducible Zariski-closed subset of some complex projective space CP(?t,). Recall 
that a Zariski-closed subset of CP(n) is nothing but the common zero-set of a finite 
collection of homogeneous polynomials in the variables {xo,xi, . . . It should 

be pointed out here that Hilbert Basis Theorem tells us that one does not obtain 
a "larger class" of sets by allowing infinite collections of these polynomials. Finally 
the term "irreducible" means that the ideal of regular functions vanishing identically 
on this set forms a prime ideal of the ring of regular functions on CP(n). As usual, 
by an algebraic manifold it is meant a smooth algebraic variety. The first instance 
of "GAGA principle" is manifested by the celebrated Chow Lemma. 

Theorem 1.7 (Chow Lemma) An analytic subvariety of a projective space is al- 
gebraic. 

On algebraic varieties one can consider the ring of regular functions as well as 
its fraction field called the field of rational functions on M. It is well-known that a 
rational function on V is given in (say inhomogeneous) coordinates as the quotient 
of two polynomials. A rational function is said to be regular at p G if it can be 
represented as a quotient of polynomials with denominator different from zero at p. 
A regular function is nothing but a rational function that is regular at every point 
of V . Finally a rational (resp. regular) map is simply a map whose coordinates are 
rational (resp. regular) functions. In particular, a rational map between algebraic 
varieties Vi C CS'{n) and V2 C CP(m) is given by the restriction of a rational map 
from CP(n) to CP(m). All this is fairly basic material in algebraic geometry that 
can be found in any textbook, for example [ Shll ISh2] . 

The second fundamental instance of GAGA principle can then be stated as 

Theorem 1.8 Every meromorphic function defined on an algebraic variety is ra- 
tional. 

Nice treatments of the above statements are given in [G-Haj and in |Muj . The 
proof in |Mu] has the advantage of being rather self-contained while the proof in 
|G-Haj is shorter, however it relies on the Proper Mapping Theorem. 

1.6.3 The automorphism group of complex manifolds 

Finally let us briefly review some basic facts about automorphism groups of a com- 
pact complex manifold. The first very general and important result is: 

Theorem 1.9 The automorphism group of a compact complex manifold M is a 
complex Lie group of finite dimension acting holomorphically on M . 

A proof of this result can be found in the nice survey article of B. Deroin [D] . 
It is based on a couple of very important theorems whose interest goes beyond 
Theorem IL9I These are as follows. 
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Theorem 1.10 (Cartan &; Serre, |Ca-Sej ) Let E be a (finite dimensional) holo- 
morphic vector bundle over a compact complex manifold M. Then the vector space 
r (M, E) consisting of holomorphic sections of E has finite dimension. 

Theorem 1.11 (Bochner & Montgomery, |B-Mo] ) Let M be as before. Then 
every automorphism of M sufficiently -close to the identity is the time-one map 
induced by a holomorphic vector field on M. 

Suppose we want to determine the connected component containing the identity 
of the group of automorphism of a complex manifold M. An equivalent formu- 
lation for this problem is to describe the Lie algebra of this automorphism group 
denoted by Aut (M). We can starting thinking of the n- dimensional complex pro- 
jective space CP(n). It is well-known that the corresponding automorphism group 
is PSL (n + 1, C) = PGL {n + 1, C) and the associated action is nothing but the 
projectivization along radial lines of the linear action of the invertible matrices of 
GL (n + 1,C) on C"'*'^. As a motivation for our discussion, and in particular for 
the classical Blanchard Lemma, let us sketch a proof of this fact. First of all, it 
is clear that PSL (n + 1, C) is contained in Aut (CP(n)). If g is an algebraic au- 
tomorphism automorphism of CP(n) then it is represented in affine coordinates by 
algebraic maps, ie quotient of polynomials. Imposing that these expressions must 
glue together by change of coordinates is a very strong condition and allows us to 
show that g coincides with the action of an element of PSL + 1, C). 

The above discussion did not totally solve the problem since there might exist 
nonalgebraic automorphisms. Naturally the GAGA theorems allows to rule out this 
possibility and thus to actually establish that Aut (CP(?t,)) coincides with PSL (n -|- 
1,C). However Blanchard Lemma provides with a more elementary alternative 
that does not rely on GAGA Principle. First we state Blanchard Lemma. Here is 
convenient to recall that a fibration on a compact complex manifold M is nothing 
but a holomorphic map V : M ^ N onto another compact complex manifold of 
smaller dimension that is a submersion at generic points. If C M stands for 
the singular values of V, then the well-known theorem of Ereshemann implies the 
existence of a locally trivial differentiable fibration of M \ V^^{S) over N \ S. Now 
we have: 

Theorem 1.12 (Blanchard Lemma) Consider a fibration as above in a complex 
compact manifold M. Then every holomorphic vector field globally defined on M is 
such that its flow sends fibers ofV to fibers ofV. 

Proof. The theorem is of local nature so that we consider a open set U of M fibering 
over unit polydisc of some C'^. Note that every vector field as in the statement is 
complete since M is compact. Next let (p^ denote the induced flow for t G C. Denote 
by Fq the fiber sitting over the origin of C*^. 1ft is sufficiently small in absolute value, 
it follows that the image ^p^{Fq) is still contained in U. It can therefore be composed 
with the projection from U to the unit polydisc. The resulting map is holomorphic 
from Fo to the polydisc. Because Fq is compact, this map must be constant. In 
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other words, is contained in a fiber of V. Tlie statement promptly follows from 
this observation. ■ 

Since Aut (M) is a Lie group of finite dimension, its connected component 
Auto(M) containing the identity is obtained through the corresponding Lie algebra. 
Precisely, the elements of Auto(M) are induced by the holomorphic vector fields car- 
ried by M. In this context, the upshot of Blanchard Lemma is that, by construting 
fibrations in our manifolds, the problem of identifying holomorphic vector fields on 
M can be reduced to smaller dimensional cases. In particular, if M is algebraic, 
then fibrations can always be constructed by considering the "level hypersurfaces" 
of a nonconstant meromorphic function on M. Strictly speaking these hypersurfaces 
define a pencil, rather than a fibration, on M. Indeed, a meromorphic function is 
in general not defined on a subvariety of codimension 2. Desingularization results 
however allow us to easily turn this pencil in an actual fibration. 

In the special case of CP(n), we can consider the meromorphic function given in 
affine coordinates by X2/X1. Clearly this function is not defined on the subvariety 
{x2 = xi = 0}. Nonetheless, we blow this submanifold up to produce a new manifold 
M where it is defined a fibration whose basis is CP(1) and whose typical fiber is 
CP(n — 1). Thanks to Blanchard Lemma, holomorphic vector fields on M can be 
projected over the basis to define a vector field on CP(1). When this projection is 
trivial, the vector field must be tangent to the fibers and, in particular, it has to 
induce a holomorphic vector field on CP(n — 1). 

To start out the recurrence procedure, it is therefore enough to determine the 
automorphism group of CP(1). This case can easily be handed: it suffices to consider 
the stereographic projection of CP(1) to C and apply, for example, Picard theorem 
to conclude that an automorphism of C must have an "algebraic nature" at infinity. 
With this information in hand, the recurrence procedure described above becomes 
effective. In particular, for CP(2), where the blown- up manifold M coincides with 
the first Hirzebruch surface Fi, the reader can check |Ak] for explicit calculations. 

It remains the problem of passing from Auto(M) to Aut(M). This is more 
elaborate. In the case of CP(n) we can exploit the size of Auto(CP(n)) to show 
that Aut (CP(r;,)) actually coincides with Auto(CP(n)). Let us briefly sketch the 
argument. Suppose that / is an element of Aut (CP(n)) \ Auto(CP(?T,)). Then / 
naturally acts on the Lie algebra of holomorphic vector fields of CP(?t,). We claim 
the existence of an eigenvector for this action, ie. there is a holomorphic vector field 
X on CP(n) such that f*X = cX where c G C. The proof amounts to observe 
that Auto(M) ~ PSL (n -|- 1, C) acts transitively on n + 2-tuples of points. Hence 
we can suppose that / has, say, n + 1 fixed points. Besides the Lie subalgebra of 
vector fields having singularities at the n + 1 fixed points of / is generated by a 
single vector field X. Thus we must have f*X = cX as desired. To finish the proof, 
we observe that X has a first integral, i.e. its orbits can naturally be compactified 
into rational curves in CP(?t,). By construction / must preserve the corresponding 
pencil of rational curves so that we can now apply a recurrence procedure to obtain 
a contradiction with the assumption that / belongs to Aut (CP(?7.)) \ Auto(CP(?T,)). 
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Even in dimension 2, an automorphism of an algebraic surface can have a "rich 
dynamics" , in particular, they need not preserve any fibration on M. Clearly these 
diffeomorphisms cannot belong to Auto(M). There is however a simple way to 
measure the chances of an automorphism of an algebraic surface M be strictly more 
complicated than those belonging to Auto(M). In fact, if the corresponding action 
on the second homology group i7^(M) of M is trivial, then the automorphism must 
preserve every fibration defined on M. The proof of this claim is given below; we left 
to the reader the straightforward generalizations of this lemma to higher dimensions. 

Lemma 1.5 Suppose that M is a compact complex surface supporting a fibration 
V : M ^ S over a Riemann surface S. Let f be an automorphism of M acting 
trivially on H'^{M). Then f preserves V. 

Proof. We begin by noticing that all the fibers of V are homologous one to the 
others. Thus they are associate to a well defined class [L] in H'^{M). Since / acts 
trivially in H'^{M), we have f*[L\ = [L\. On the other hand, since L is a fiber of a 
fibration, one has [-£/]. [i^] = 0. However, if / did not preserve V, then the image f{L) 
of a generic chosen fiber L would intersect other fibers non trivially another fiber, 
say L' . Since f{L) and L' are both complex submanifolds of M, it would follows 
that tj(/(i^) n L') > (strictly). However the intersection number depends only on 
the homology class of the submanifold, so we have 

0<[/(L)][L'] = [L][L'] = [L][L]=0. 



The resulting contradiction estabhshes the lemma. ■ 
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Chapter 2 



Singularities of holomorphic 
vector fields 

2.1 Introduction 

The basic topic of the present chapter is the study of singularities of complex vector 
fields in dimension 2. In the preceding chapter we had already traced a parallel 
between real and complex ordinary differential equations and point out the main 
aspects in which they differ. For instance, the analogue to the maximal interval of 
definition for solutions of real ODEs does not exist, in general, in the complex case. 
On the other hand, the geometric idea of viewing the solutions of real ODEs (away 
from the singular set) as 2-dimcnsional leaves of a foliation can easily be transported 
to the complex scenario. In the case of complex ODEs, we can say that the orbits 
are Riemann Surfaces and that, away from the singularities, they are leaves of a 
holomorphic foliation. 

In Section 2 we give some basic results related to singularities of holomorphic 
foliations. We begin with the foliation associated to a vector field X, having an 
isolated simple singularity at (0,0), with non-zero eigenvalues Ai and A2. In other 
words, 

d d 

X{xi,X2) = [XlXi + ipi{Xi, X2)]-^ + [X2X2 + (p2{Xi, X2)]-^ ■ (2.1) 

We discuss the problem of linearizing such vector fields. More precisely, understand 
under which conditions there exists a holomorphic change of coordinates that lin- 
earizes the system. In fact, a formal change of coordinates can easily be found, 
except for very specific resonant cases. What is more challenging is to prove its 
convergence. It becomes clear that the existence of a holomorphic change of charts 
linearizing X depends entirely on the values of the eigenvalues. For instance, if X1/X2 
do not belong to R_ and if neither A1/A2, nor A2/A1 belong to N then, in appropri- 
ate coordinates, it is indeed linear. This is the contents of the well-known Poincare 
Linearization Theorem. Now if the singularity belongs to the Siegel domain, i.e., 
A1/A2 e M_, we cannot find a linearizing holomorphic change of coordinates. Nev- 
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ertheless, in local coordinates {yi,y2), Equation 12. II may be expressed as 

X = Aii/i[l + {h.o.t.)]d/dyi + X2y2[l + {h.o.t.)]d/dy2 . 

Next we shall investigate the case in which one of the eigenvalues, say A2 is zero 
and Ai 7^ 0. Such singularities are called saddle-nodes. We obtain a normalization 
for this type of singularity, known as Dulac's Normal Form. This result simply 
states that vector fields containing saddle-node singularities may be given in local 
coordinates {yi,y2) by 

X{y„y2) = [y,{l + Xy'2)+y2R{yuy2)]^ + vl"' . (2-2) 

dyi dy2 

up to an invertible factor. 

Subsection 3.2 is devoted to a brief study of singularities in higher dimensions. 
In particular we give a generalization of Poncare Linearization Theorem and some 
results related to saddle-node singularities in dimension 3. 

Section 3 is the core of the present text and undoubtedly contains the most 
important results of this text. It is strongly inspired in the work of J.-F. Mattel 
and R. Moussu (cf. [NTM] ) and J. Martinet and J.-P. Ramis (cf. |Ma-R] l We 
begin by revisiting saddle-node singularities, but this time from a more advanced 
standpoint. We are interested in understanding whether there exists a holomorphic 
change of coordinates where the term R{yi,y2) in Equation 12.21 becomes identically 
zero. Even though it is possible to obtain a formal conjugacy between the two 
normal forms, in general, this application does not converge on a neighborhood of the 
singularity. However, in certain sectors of the neighborhood, the formal conjugacy 
is indeed summable. This is basically the contents of the Hukuara-Kimura-Matuda 
Theorem. So the next step is to study the functions that "glue" together these 
sectors; i.e., the sector changing diffeomorphisms. In the simplest case, there are 
two diffeomorphisms that realize the two possible changes of sectors, depending on 
the connected component of the domain of intersection that is being considered. 
One of them is a translation and the other one happens to be a diffeomorphism 
tangent to the identity. The interesting issue here, is that these diffeomorphisms are 
not unique. Only their conjugacy classes is canonic and can be used to parameterize 
the moduli space of the saddle-nodes. This leads us to a related topic, namely, 
the classification of diffeomorphisms of the type f{z) = z-\-z'^-\----, following the 
work of S. Voronin |Vo] . The procedure to be employed is again based on sectorial 
normalizations, whereas the normalizing maps will now be constructed by means of 
the Measurable Riemann Theorem. 

Up to this point we have only been dealing with simple singularities. One might 
ask what is to be done about more degenerate singularities. Indeed, in dimension 2 
we do not really have to worry about them, since there is an effective method to 
reduce any singularity to a "superposition" of simple ones. This is precisely what is 
done in Subsection 4.2, following jM-M] . Essentially, the idea is that by composing 
a finite number of blow-up applications we reduce a singularity of higher order to an 
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arrangement of curves containing only simple singularities. This is the contents of 
the Seidenberg Theorem. Another reduction may yet be done in the case of simple 
singularities: either it is reduced to a saddle-node singularity or both A1/A2 and 
A2/A1 do not belong to N. 

Finally Subsection 4.3 is devoted to Mattel- Moussu Theorem, regarding the ex- 
istence of holomorphic first integrals for foliations. In their joint work ( |M-Mj ). J.-F. 
Mattel and R. Moussu find necessary and sufficient conditions for the existence of 
non-constant holomorphic functions that are constant along the leaves of a foliation 
T with an isolated singularity. Moreover these conditions are of topological nature. 
Their theorem is as follows. 

Theorem 2.1 (Mattei-Moussu |M-M] ) Consider the holomorphic foliation J-" 
defined on U C with an isolated singularity at (0, 0). Suppose that it satisfies the 
following conditions: 

1. Only a finite number of leaves of J-' accumulates on (0,0); 

2. The leaves of are closed on U \ {{0,0)} . 

Then T has holomorphic non- constant first integral f : U ^ C. 

We have divided the proof of Mattei-Moussu Theorem into 3 parts so as to make 
the exposition more transparent. The first step is to show that under these assump- 
tions the singularity can be reduced to a superposition of singularities belonging 
to the Siegel domain. This is done by studying the local holonomy of a leaf with 
respect to a loop encircling each type of singularity that might be contained in the 
Seidenberg tree of J-". We reach the conclusion that the only way we do not violate 
Conditions 1 and 2 is if the singularities are in the Siegel domain. 

The next step is to show that the singularities in the Seidenberg tree admit local 
first integrals. This is done by showing that A1/A2 belong to Q_ and using the fact 
(also due to J.-F. Mattel and R. Moussu) that if the holonomy associated to a leaf 
of J-" is linearizable, then the vector field related to this foliation is linearizable as 
well. 

Finally we extend the local first integrals in order to obtain a global one. We 
show this in the case where all of the singularities are reduced by a single blow-up 
and the general case follows easily by induction. 

2.2 Normal Forms for Singularities of Holomor- 
phic Foliations 

This section is devoted to the study of isolated singularities of holomorphic foliations 
in dimension 2. 

Consider a holomorphic foliation J-" with an isolated singularity at (0,0). As 
previously seen, there is a holomorphic vector field X associated to this foliation, 
which is uniquely defined up to a multiplicative function / such that /(O, 0) 7^ 0. 
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The eigenvalues for the fohation at (0, 0) are defined to be the eigenvalues Ai, 
A2 associated to the vector field X at (0, 0), i.e. the eigenvalues of JacX(0, 0). Notice 
however that the precise values of Ai, A2 are not well defined (except for the case 
where both are equal to zero) since the representative of the foliation is defined up 
to a multiplicative unitary function. What is, in fact, well defined for the foliation 
is the ratio A1/A2 (assuming A2 7^ 0). The ration is clearly invariant by the choice 
of vector field associated to T. We have therefore three possibilities: 

(a) Ai = A2 = 0; 

(b) Ai = 0, A2 7^ 0; 

(c) Ai ^ 0, A2 7^ 0. 

which are well-defined in the sense that the eigenvalues of two representatives of J-' 
belong to the same case (a),(b) or (c). A singularity is said to be simple if at least 
one of its eigenvalues is different from zero. If exactly one of its eigenvalues is equal 
to zero, then the singularity is called a saddle-node. 

The order of a foliation J-" at (0, 0) is the degree of the first non- vanishing homo- 
geneous component of the Taylor series of X based at (0,0). Naturally, this order 
does not depend on the chosen vector field X. 

We will begin by studying simple singularities, taking into account the problem 
of linearization. Afterwards the more general case will be dealt with using the 
Seidenberg's Theorem. 

Let X, Y be two holomorphic vector fields defined in a neighborhood of the 
origin, singular at this point. We say that X is analytically (resp. formally, C°°, C^) 
conjugate to Y if there exists a holomorphic (resp. formal, C°°, C'') diffeomorphism 
H, such that H{0) = and 

Y = {DH)-\X o H). 

We say that X and Y are analytically (resp. formally, C°°, C'^) equivalent if X 
is analytically (resp. formally, C°°, C'^) conjugate to fY, for some holomorphic 
function / verifying /(O) 7^ 0. 

By analytic (resp. formal C°^, C'') classification we mean a partition of the set of 
holomorphic vector fields in classes whose elements are analytically (resp. formally, 
C°°, C'') conjugate to the others in the same class. A vector field X is said analytic 
(resp. formal, C°°, C'^) linearizable if it belongs to the analytic (resp. formal, C°°, 
C'^) class of the vector field J^X (i.e. the linear part of X). 

2.2.1 Vector Fields with Non- Zero Eigenvalues 

Let us consider the ODE generated by a holomorphic vector field X with an isolated 
singularity at (0,0). Suppose further that its eigenvalues at (0,0) are Ai and A2, 
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both different from zero. In other words, we are considering the fohation associated 
to the system of ODEs: 

X2 = X2X2 + V2{Xl,X2) 

where ipi, ip2 have order at least 2. By x we mean dx/dT. Note that we are 
assuming JacX(0,0) diagonalizable. We now wish to investigate the existence of a 
formal change of coordinates that linearizes this system. That is, the existence of a 
formal map H such that DH.X = J^^ o H. 

We shall adopt the the following notations. Let Q = {qi,q2), x^ = xf^xf and 
HQ II = Qi + 12- Suppose that, under the notations above, ipi, ^2 are written in the 
form 

||Q||>1 ||Q||>1 

and consider the formal change of coordinates 

a^i = Z/i + 0(1/1,1/2) where (1(1/1,^2)= ^ (x.qV^ , (2.4) 

||Q||>1 

= 1/2 + (2(1/1,1/2) where (2(1/1,1/2)= (2,Qy^ ■ (2.5) 

||Q||>1 

Assume that, in these new coordinates, system (12. 3p is given by: 



1/1 = Ai^/i +^i(yi,?/2) 
1/2 = A2I/2 + ^^2(1/1,1/2) 



(2.6) 



Note that the right hand side corresponds to the linear part of X if and only if 
'01, ■02 vanishes identically. 

Substituting (12. 4p and ( 12. 5 p in (12. 3p . we obtain the following relations: 



X (^i,qCi,q + ^i,q)i/^ = ^1(1/1 + Ci, 1/2 + C2)- X 1^^;., (2.7) 
||Q||>1 fc=l,2 



X ('^2,qC2,q + ^2,Q)y'^ = ^2{yi + Ci, 1/2 + C2) - X 1^^*^ ' (2.8) 



>1 



where 5i,q = Aigi + A2g2 - Ai and 62,q = XiQi + \2q2 - A2- Notice that if 5i^Q 7^ 
(i = 1, 2) we can always find O.q such that ipi^Q = 0. This can be seen by induction 
on HQ II and recalling that ipi has terms of order at least 2. In fact, this last implies 
that the coefficients of y'^ on the right hand side of Equations (12. 7p and (12. 8p depend 
only on terms d^p for ||P|| < \\Q\\. Therefore Q^q depend on the coefficients of ipi, 
on the terms Ci,p with ||P|| < \\Q\\ and on 6i^Q (which are non-zero by assumption). 
More precisely, do = t^, where / is a function of certain coefficients of ifi and Q p 
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for ||P|| < IIQII- Thus if 5i^Q 7^ for all Q G then there always exist a formal 
change of coordinates linearizing X. 

This settles the problem of finding a formal change of coordinates. We have 
therefore that a vector field is formally conjugate to its linear part if there are no 
resonances. 

Definition 2.1 Suppose that the origin is a singular point of a vector field X . Let 
A = (Ai,A2) he the vector constituted by the eigenvalues 0/ JacX(0,0). We say 
that the eigenvalues are resonant if, for some i, there exists I = («i,«2) G Ng with 
Yl'j=i h — 2 such that 

Xi = (/, A) = iiXi + 12X2- 

In this case the monomials x^d/dxi, where said to he resonant. If 

dim{m G 1? : (m, A) = 0} = then X is said k-resonant. 

We have just seen that in the absence of resonances there exists a formal diffeo- 
morphism H taking X into its linear part. However, nothing guarantees that H, or 
equivalently the series Ci{yi^y2) = 1,2), do indeed converge. In fact this may not 
occur. 

Before dealing with the problem of convergence, we shall introduce some useful 
notations. Given a formal power series ^ = Y^q^Q^^^ l^t ^ = IICqIIi/'^- We 
also consider the series ^, on one complex variable 2;, obtained as ^ = ll^glk"*^"- 

Equivalently, ^{z) = C,{z,z). Given another series zu = J^q'^qV'^ ^ ^^at 
zu -< a and only if \\zuq\\ < \\C,q\\ for all Q. 

The proof of convergence of the formal diffeomorphism H, under assumptions 
that will be presented below, is based on the following result: 

Theorem 2.2 (Cauchy Majorant Method) Fori = 1,2, let he two holomor- 
phic functions and Q he two formal series as in i \2.4^ and (\2.5^ . Suppose there exists 
6 > such that 

^Ci -< +Cl,l/2 + C2) • 

Then the series d (i = 1,2) converge, hence defining a holomorphic change of 
coordinates. 

Proof. From 6(i -< (Pi{yi + Ci)Z/2 + C2) obtain directly that 

?1 + ?2 ^ + ?1 + ^ + ?1 + + ^2(^ + ^1+^2,^ + ^1+ ?2)) • (2.9) 

Since the series ipi are convergent by assumption, there exist a^, a > such that: 

7(^1+^2)^7^- (2.10) 
1 — az 
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From ([53]) and fl^HJ]) we obtain 

1 /= = \ 1 /- 



^(^1+^^) ^ ;^(^l(^ + Cl+C2)+^2(^ + Cl + C2)) 



-< 

z 



-< 



l-a(2; + Ci + C2) 



l-az(i(2; + Ci + C2)) 
Denoting by m = Xli'^i-^* series \{C, \ + C2) have just proved that 

.^-^2fii±^. (2.11) 

We shall now compare u with the series v = ^ji^i-^*, that is a solution of 

aozil + v)'^ 

V = . 

1 — az{l + V) 

or, equivalently, a solution of 

^ j (— — aoz) + ^ j {—az — 2ao-2 + 1) — oo-z = , 

The series v is convergent and, in particular, vi = a^. Notice that for every i, 
Vi is a polynomial with positive coefficients in the variables f 1, . . . , f denoted by 
Pi(f 1, . . . , Vi-i). We may choose oq > mi and it follows from (12. lip that 

Ui < Pi{Ui, . . . . 

Now we show that m -< f by induction. Suppose that uj < Vj for j < i — 1. The 
fact that Pi has positive coefficients for every i implies that 

Ui < Pi{ui, Ui-i) < Pi{vi, Vi-i) = Vi . 

Hence u is convergent, and consequently so is are Q {i = 1,2). m 

We are now able to prove the convergence of H under the conditions below: 

Theorem 2.3 (Poincare Linearization Theorem) Consider a system of differ- 
ential equations as in Assume that A1A2 7^ and that A1/A2 ^ M_. Suppose 
also that neither X1/X2 nor A2/A1 belongs to N. Then there is an analytic change of 
coordinates in which the system becomes linear. 

Proof. We first note that neither 6i^q nor 62,q vanish independently of Q. Indeed 
if 6i^Q vanishes then 

Ai _ q2 
A2 ~ (1 - qi) 
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So that whenever q2 = 0, Ai = 0; when qi = 0, A1/A2 G N; and if gi > 1 then 
A1/A2 G M_. A similar argument holds for 52,q. Therefore, Q^q can always be 
found in such a way that il'i,Q = 0- This means that there exists a formal change of 
coordinates that linearizes system (12. 3p . Now it must be shown that this change of 
coordinates is indeed convergent. 

In fact our assumptions on Ai and A2 imply that there exists 6 > such that 
inf^d^i^Ql, |52,q|} > This is a simple consequence of the convex separability 
theorem. From equations (12. 7p and (12. 8p . we obtain for j = 1,2 

Q 

-< ^i(2/i + Ci,2/2 + C2)+ X] a^"^*^" 

k=l,2 

Since V';. = 0, we have 

Finally, Theorem 12.21 implies that this change of coordinates is convergent. ■ 

Assume now that A1/A2 G N. Although not necessarily linearizable the vector 
field has a very simple normal form in that case. 

Lemma 2.1 Suppose that X1/X2 G N. Then there is an analytic change of coordi- 
nates where the original system is given {in terms of vector fields) by 

X = {Xiyi + ay2)d/dyi + X2y2d/dy2 ■ 

where n is such that Ai = nA2 and a G C. 

Proof. We first note that, under the assumptions above, infgl^i^g, ^2,(3} > 1 for 
all Q with exception to Q = {0,n). In fact, the vector field hs a unique resonant 
relation (Ai = ?7,A2 for some G N). This implies that the coefficient of Ci,(o,n) 
in Equation (12. 7p (which is given by 5i,(o,n) = '^A2 — Ai) vanishes. Since no more 
resonance relations appear, the vector field associated to the differential equation is 
then formally conjugated by a diffeomorphism H to 

X = {nX2yi + ay^)d/dyi + X2y2d/dy2 

for some a G C. The fact that iufgd^i^Ql, 1^2, q|} > 1 for all Q distinct from (0,n) 
ensures that we can follow the proof of Theorem l2.3l in order to prove the convergence 
oiH. m 

Now we shall obtain a characterization of singular holomorphic foliations in the 
case where A1/A2 G 

Lemma 2.2 //A1/A2 G M-, then there is an analytic change of coordinates where 
the vector field associated to the original system is given by 

X = Xm[l + {h.o.t.)]d/dy, + A2i/2[1 + {h.o.t.)]d/dy2 . 
In particular such vector field has two smooth transverse separatrizes. 
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Proof. It will be shown that there exists a convergent change of coordinates which 
allows us to suppose that is divisible by the first variable and that (/32 is divisible 
by the second one, where v?i and ^2 are as in (12. 3p . 

As before, we consider the change of coordinates xi = + Ci(l/i)l/2) and = 
2/2 + (2(2/1,2/2) but setting: 

f i^i,Q = when gi = or ^2 = f ip2,Q = when gi = or ^2 = 

\ Ci,Q = when gi 7^ and g2 7^ (2,q = when gi 7^ and g2 7^ 

If this change of coordinates is indeed convergent then, in these appropriate coor- 
dinates, {ui = 0} and {1/2 = 0} are invariant which is the contents of the lemma. 
So we must analyze the expressions of 6i^q only in the case where gi = or g2 = 0. 
After all, when gi 7^ and g2 7^ 0, Ci,q = 0, so that these terms do not count in the 
series d. Suppose that gi = 0. In this situation, we have 

^l,Q = ^2(l2 — 

^ -;— = g2 - T- > £1 
A2 A2 

for some ei > 0. This guarantees that |5i,q| is bounded from below by a constant 
c > 0. A similar argument implies that |52,q| is bounded from below either by a 
positive constant. More precisely, |52,q| > c > for all Q as above with \\Q\\ > 2, 
i.e. such that g2 > 1. The case g2 = is analogous. 

Therefore, there exists 6 > such that iufgd^i^Ql, |52,q|} > S, where the inf is 
taken between Q such that gi = or g2 = 0. Using the above mentioned fact along 
with Equations (12. 7p and (12. Sp . we have: 

^Ci -< V 5i,q||Ci,q||2/'^ -< ^1(2/1 + Ci, 2/2 + C2) + + ■ 

Q dyi dy2 

By construction, the non-zero coefficients in d are related only to monomials 
that are powers of yi or powers of y2, i.e. there are no monomials that mix the two 
variables yi and y2- On the other hand, all the non-zero terms that enter ip^ and 
are such that gi = and g2 = 0. So that the following stronger estimate holds: 

^Ci -< ^1(2/1 + Ci, 2/2 + C2) • 

A similar argument implies 

"^(2 -< ^2(2/1 + Ci, 2/2 + C2) 
and the application of Theorem 12.21 guarantees the convergence of the series ■ 

2.2.2 Elementary Aspects of Saddle-Node Singularities 
Dulac Normal Form and Consequences 

We shall now consider the case of saddle-nodes, i.e. the case where Ai 7^ and 
A2 = 0. Obviously we can assume without loss of generality that Ai = 1 and 
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A2 = 0. We will see by successive appropriate changes of coordinates that, in this 
case, the system of ODEs (or the 1-form) that induces the foliation has a canonic 
representation. This is the contents of the following result. 

Theorem 2.4 (Dulac) Let T be a foliation which defines a saddle-node at (0, 0) in 
C^. Then, in appropriate coordinates (2/1,2/2), is given by the holomorphic 1-form 

w = bi(l + Ayf) + 2/2^(2/1, 2/2)] dy2 - 2/2^^ dyi . 

for some p G N. 
Proof. Assume that 

xi + ^i(xi,X2) ^2 12) 

where (fi, if 2 have order at least 2, is a representative of J-". First of all we will prove 
that there exists a change of coordinates Xi = yi -\- Ci(2/i5 2/2), ^2 = 1/2 + C2(2/i, 2/2) in 
which the vector field associated to the differential equation above can be written 
in the form: 

[2/1 + 2/2^(2/1, 2/2)] 5/52/1 + 2/2 (2/1, 2/2)5/52/2, . 

where R{0, 0) = 0(0, 0) = 0. 

Let us first note that, in that case, 6i^q = qi — 1 whereas S2,q = qi- We have 
that 5i^Q = if and only if gi = 1 while 52,q = if and only if qi = 0. This implies 
that we can always solve the correspondent to Equation (12.71) (resp. (12.81) ) in order 
to Ci,Q (resp. C2,q) for ?i 7^ 1 (resp. qi 7^ 0). So, let us set 

4'i,Q = whenever q2 = f ?/'2,q = whenever q2 = 

Ci,Q = whenever g2 7^ \ C2,q = whenever g2 7^ 

for each index Q = (gi,g2)- Since ||Q|| > 2, it follows that Si^q = gi — 1 7^ (resp. 
^2,0 = 9i 7^ 0) whenever (i^q 7^ (resp. C2,q 7^ 0). This proves that the two vector 
fields are formally conjugate. In order to prove the convergence of the change of 
coordinates we shall also note that 5i q = gi — 1 > 1 (resp. 52, q = gi > 2) whenever 
Ci,Q 7^ (resp. (2,Q 7^ 0). Thus we have 

- - — dC — dC — 

SCi -< ^1(2/1 + Ci, 2/2 + C2) + TT^^i + jr^^2 

52/1 52/2 

for < 5 < 1. 

Notice that Ci,q = whenever g2 7^ then depends only on 2/1, so that §^ = 0. 
In particular, the non-zero coefficients of the series d are such that q2 = 0, then it 
follows from the above change of coordinates that all the monomials entering |^V'i 
depend on 2/2- Therefore these monomials do not appear in the series of (i and we 
conclude the stronger estimate 

"^Ci -< ^1(2/1 + Ci, 2/2 + C2) ■ 
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A similar argument implies that 

<^C2 ^^2(yi + Ci,y2 + C2) ■ 

The convergence of the coordinate change follows by applying the Cauchy Ma- 
jorant Method. This allows us to suppose that </7i and </?2 are divisible by X2- In 
other words, the original system of ODEs is given by: 

d d 

X{xi,X2) = [Xi + X2-R(Xi,X2)]^ h X2(t){Xl,X2)- 



dxi dx 



2 



as we intended to prove. 

Now, set A{xi,X2) — Xi + X2R{xi,X2) and B{xi,X2) — X2(f>{xi,X2). The set 
{A = 0} n {B = 0} is reduced to the origin (0,0). The ideal associated to the 
point (0,0) is therefore maximal and generated by Xi and X2. It follows from the 
appropriate version of Hilbert's Nullstellensatz that this maximal ideal is the radical 
of the ideal generated by A and B. In particular, there is p + 1 > 2 such that X2^'^ 
belongs to the ideal generated by A and B (since X2 itself cannot belong to this ideal) . 
Next we expand both A and B in terms of X2, i.e. we set A — 00(3^1) + 0'i{xi)^2 
and B — Y^'^i bi{xi)xl. The division of S by ^4 in the ring C{xi} then gives us 

B^AQ + xl+^U{x2) 

being Q = when {x2 = 0}. 

Indeed, aQ{xi) = 1 so that the rest does not depend on Xi. Besides ^7(0) 7^ 
since p + 1 is the smallest positive power of X2 belonging in the ideal generated by 
A and B. Now consider the vector field 

y I d Q d 



U dxi U dx2 ' 

which satisfies Y{0, 0) 7^ (0, 0) since U{0, 0) = U{Q) ^ 0. It follows from the fact 
that Q — when {x2 — 0}) that {x2 = 0} is a solution of Y. By the Flow Box 
Theorem, there exist coordinates {zi, Z2) such that the vector field becomes 

Y = and Z2^ X2, 

OZi 

and the result follows. ■ 

Consider a foliation as in the previous theorem, i.e. defining a saddle-node 
singularity. Hence, there exist appropriate coordinates where the associated vector 
field is given by the normal form: 



X = [y,{l + \yl) + y2R{y,, ^2)]^ + vl 



.p+i ^ 
dy2 



In particular we can see that T admits a separatrix through the origin which is given, 
in the coordinates above, by {y2 = 0}. Consider a loop on this separatrix encircling 
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the saddle-node singularity and let S be a transverse section to the separatrix passing 
through a point of the loop. We shall now compute the holonomy h{z), where z is 
a local coordinate on E. This simple calculation will prove to be quite useful in the 
next sections. For the time being, it already provides a geometric interpretation of 
the number p + 1 appearing in the normal form above. 



Lemma 2.3 The holonomy associated to the separatrix {1/2 = 0} is given by h{z) 
z + zP+i + ■ ■ ■ . 



Proof. In order to prove this result we proceed as follows. Set yi{t) = re^'^**. 
Thus, 



dy2 dy2 dyi 



dt dyi dt 



^2 -2mre^^'' 



yi{l + Xyl) + y2R{yi,y2)' 



p+i 

^2 :2mre^^'' 



re2^** [1 + Ayf + y2<5(re2^^*, ^2)] ' 
= 27ri?/^+^(t)(l + h.o.t.) (2.13) 

where Q is holomorphic relatively to 2/2- Denote 2/2(^) = '^k>i^k{t)z'' and with 
initial data ?/2(0) = z, so that 

^ = E<W-'- (2-14) 

k>l 

By comparing the expressions obtained for dy2/dt on (12.131) and on (12.141) and taking 
account that 

p+i 

(2.15) 



yr\t)=(j2^>^(^>'] 

\k>l / 



we see that a'i^{t) = for k < p, i.e. the functions ak{t) are all constants for k < p. 
Since we have set 2/2(0) = z, we have that ai(0) = 1, 02(0) = ■ ■ ■ = ap(0) = 0. 
Now we compare the term k = p + 1. Using (I2.15P we obtain: 

a;+i(t) = 27rmr^(t). 

So that ap^i{t) = 27Tit since ai(t) = 1 for all t. 

Since h{z) = ?/2(l) we conclude that h{z) = z + 27riz^~^^ + ■ ■ ■ . By performing a 
change of coordinates we obtain the desired result, i.e. the holonomy can be written 
in the form h{z) = z + z'^^^ + ■ ■ ■ . □ 
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Fatou Coordinates and the Lean Flower 



In view of Lemma I2.3[ we are naturally led to investigate the topological dynamics 
of diffeomorphisms which are tangent to the identity. In particular, we would like to 
understand the role of the multiplicity "p + 1" on the topological dynamics of these 
diffeomorphisms. Here we follow closely the approach given in |Car-G] . 

So let us first analyze applications of the form f{z) = z + z"^^^ + ■ ■ ■ , in the 
prototypical case where p = 1. To begin with, let us apply a holomorphic change of 
coordinates, Ai{z) = —1/z, taking to oo. In these new coordinates / becomes 

g{z) = z + l + b/z + --- 

Fix c G sufficiently large so that \g{z) — {z + 1)\ < 1/2 for all z G C such that 
|z| > c and let Rc = {z E C : Re{z) > c}. We will first prove that g is analytically 
conjugate to 2; z + 1 on Rc. 

First of all we note that g{Ri) C Ri. In fact, since Re(z) > —\z\ we have 



l<l + Re(^ + o(l))<5 (2,6) 



and therefore 



Re{g{z)) = Re{z) + l + Re(^^ + > > c. 

This implies that the map ipn{z) = g^{z) — n — blogn is well defined on R^, where 
= g o ■ ■ ■ o g^ n times. If converges to a holomorphic function then g is 
holomorphically conjugate to the translation T{z) = z + 1. Indeed, one has 

lim <fn{9{z)) = lim [<fn+iiz) + 1 + 61og(l + 1/n)] = lim v^n+il^) + 1 • 
The convergence of is the contents of the next lemma. 
Lemma 2.4 The sequence (pn converges to a conformal function (p. 
Proof. We note that g"'{z) = z + n + 0{l/n). The estimate f l2.16p implies that 

71 

-<\g''iz)\<\z\+2n. 

This can be easily verified by induction on n. In fact for the upper bound estimate 
we have 

1^(^)1 < \z\ + 11 + 0(1/^)1 < +2. 
Assuming that the estimate is valid for n then 

|^?"+i(z)| = \g''{g{z))\ < \g{z)\ +2n< \z\ + 2{n + 1) 
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Relatively to the lower estimate we have that 

71 71 

\g-{z)\>Re{g-{z))>Re{z) + ->-. 

We have therefore that g''^-^{z) = g^{z) + 1 + -^jq^ + Oil/k"^). Thus we obtain 
that 

^k+i - Vk{z) = h[\og k - \og{k + 1)] + + 0{l/e) = 0{l/k) . 
Hence, for z & Ri the following estimate holds 

n-l 

\'fn{z) - z\< \<fi{z) - ^1 + \Vk+iiz) - ^kiz)\ = O(logn) . 

k=l 

It remains to prove that ipn is uniformly convergent on the compact subsets of Re- 
We have the estimates 

ipn+i{z) - ipn{z) = b\ogn-b\og{n + l)+g''+\z)-g''{z)~l 
_ b b 
n g'^iz) 

n + b log n + ipn{z) n 
= ^0{\blogn + ^,,{z)\) + 




SO that \Vn+i{z) — (Pn{z)\ < oo. Since all the ipn are conformal, so is the uniform 
limit if. ■ 

Next we note that we can extend (p analytically to any domain Q, contained in 
the domain of g, verifying g{Q) C Q and such that Re{g"'{z)) tends to oo, for z E Q. 
In fact we can construct one such invariant domain Q with smooth boundary, as is 
shown in Figure 12. 1[ We have therefore that f{z) = z + z"^ + ■ ■ ■ is conjugate to 
the translation T{z) = z + 1 on the cardioid-shaped region, A^^{Q), as shown in 
Figure [221 The set A^^{Q) is therefore what we call an attracting petal centered at 
an attracting direction. Basically this means that A^^{n) is an invariant set whose 
orbit converges to the origin tangentially to the direction v. 

Definition 2.2 Let f E Diff(C,0) be such that f{z) = z + azP+'^^ , where a^O. 

An attracting petal for f centered at an attracting direction v is a simply connected 
open set P such that 

a) OedP 





b) f{P) C P 
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Figure 2.1: Invariant domain by g 



Figure 2.2: Cardioid-shaped Dynam- 
ics of / 



c) lim„^+oo /^"^ = with lim„^+oo jjrr^ji = v for all z e P 

A repelling petal centered at a repelling direction v is an attracting petal for f^^ 
centered at the attracting direction v for f^^. 

We should note that an attracting (resp. repelhng) direction is an element f of C 
such that av''/\a\ e M_ (resp. av''/\a\ G Moreover, the union of the attracting 
petals and the repelling ones constitutes a neighborhood of the origin. 

In the case that p = 1 we have exactly one attracting petal (resp. direction) 
and one repelling petal (resp. direction). The general case where p > 2 can be 
treated in a similar way. In fact, this case can be reduced to previous one. Let 
fp{z) = z + zP~^^ + ■ ■ ■ . Up to conjugation by an homothety, we can suppose that 
fp{z) = z + + ■ ■ ■ . Now conjugating by Ap{z) = —z}-!"^ we obtain 



Thus we are reduced to the case J9 = 1, which has been analyzed before. We note 
that the sectors | arg^; — 2/c7r/p| < vr/p are mapped conformally, by A~^ ^ onto the 
plane minus the negative real axis. This implies that in the case p > 2 we have 
essentially a ramification of order p of the previous case. The mapping fp has 
therefore p attracting petals Pk- The petals are (invariant domains) bounded by 
piecewise analytic Jordan curves (ci, . . . ,Cfc) and they are symmetric relatively to 
the rays arg^; = {2kn)/p. At the origin, Cj has two tangents aigz = {2i ± 1)71/ p. 
The final picture is summarized by the theorem below. 

Theorem 2.5 (Flower Theorem) Let f E Diff(C,0) be given by f{z) = z + 
^^p+i -|- . . . ^ where a 7^ 0. Denote by vf, ■ ■ ■ ,Vp the attracting directions and by 
Vi, . . . ,Vp the repelling ones. Assume that they are ordered by the following rule: 
starting at vf and moving in the counterclockwise direction we first meet v~ and 
then vfj^^. Then 
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a) For each vf (resp. ) there exists an attracting (resp. repelling) petal P^^ 
(resp. P~ ) centered at vf (resp. v~ ) 

b) The union of all attracting and repelling petals constitutes a neighborhood of 
the origin 

c) U P+ = and Pr U Pf = for i ^ j 

d) The difjeomorphism f is holomorphically conjugated to the translation map 
T{z) = z + 1 on each attracting petal. 

We recall that a domain V is called a Leau domain if / is conjugate to the 
translation T{z) = z + 1 on V and also if the sequence /" converges to a point on 
dV. The cardioid-shaped region illustrated on Figure 12.21 is an example of a Leau 
domain. 

2.2.3 Some Normal Forms in Higher Dimensions 

The Cauchy Majorant Method was essential to prove the convergence of the formal 
conjugating diffeomorphisms for generic vector fields in dimension 2. We begin 
this section noticing that the generalization of this result to higher dimension is 
straightforward. We will not prove it. 

Theorem 2.6 (Cauchy Majorant Method in Several Variables) Let (pi, i = 
1, . . . ,n, be n holomorphic functions with trivial linear part and let Q, i = 1, . . . ,n, 
be n formal series. Consider the change of coordinates 

Xi = yi + Ciiyu---, Vn) where ■■■,yn) = ^ Ci,Qy^ (i = 1, . . . , n) (2.17) 

ll<9ll>i 

and assume the existence of 6 > such that 

for all i = 1, . . . ,n. Then the series of Q converges and hence defines a holomorphic 
change of coordinates. □ 

We shall obtain the correspondent to Theorem 12.31 for several variables. Before 
that let us introduce some definitions. 

Definition 2.3 Suppose that the origin is a singular point of a vector field X on 
(C",0). Let A = (Ai,...,A„) be the vector of eigenvalues o/ JacX(O). We say 
that the eigenvalues are resonant if, for some i G {1, . . . ,n} , there exists I = 
{ii, . . . ,in) G Nq with X]J=i h — 2 such that 

Xi = (/, A) = iiXi + . . . + 2„A„ 

i.e. if at least one of the eigenvalues can be written as a non-trivial positive linear 
combination of all of them. In this case the monomials x^d/dxi are said to be 
resonant. Like in the two dimensional case, if dim{m G Z" : (m, A) = 0} = k then 
X is said to be k-resonant. 
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Definition 2.4 We say that a n-tuple (Ai, . . . , A„) G C" belongs to the Poincare's 
domain if the convex hull of the complex numbers Ai, . . . , A„, i.e. if the set {z G 
C : tiAi + ■ ■ ■ + tnXn = z , ti + ■ ■ ■ + tn = 1}, docs not contain the origin G C. 
Otherwise we say that (Ai, . . . , A„) belongs to the Siegel domain. 

A linear vector field X defined on C" is said to be of Poincare-type (resp. Siegel- 
type) if its spectrum is in the Poincare's domain (resp. Siegel's domain). 

To belong to the Poincare domain is equivalent to the existence of a straight 
line through the origin such that all the eigenvalues Ai, . . . , A„ belong to a same 
half-plane defined by this straight line. 

Theorem 2.7 (Poincare Linearization Theorem) Let X be a holomorphic vec- 
tor field defined in a neighborhood of the origin of C" such that its linear part is of 
Poincare-type. Let Ai, . . . , A„ be the eigenvalues o/ JacX(O). Assume that there there 
exists no resonance relation. Then there exists a holomorphic change of coordinates 
that linearizes X . 

Proof. The idea of the proof is the same as in the case of dimension 2. Substituting 
Equations fl2.17p in the differential equation associated to X, we obtain the following 
relations 

for z = 1, . . . , ra, where y^ = yf . . . y'^ and 5i^Q = qiXi H h QnK - Aj, with G N. 

Due to the non-resonant assumption, we have that 6i^Q ^ for alH = 1, . . . , n. Thus 
the equations above are solvable in order to Ci,Q, for all i and Q. and, consequently, 
X is formally linearizable. In order to prove the convergent it is sufficient to prove 
that {|5i,Q|}i,Q is bounded from below by a positive constant. The proof goes as in 
the two dimensional case. 

Let (5 be a positive constant such that mii^Q{6i^Q\} > 6 > 0. Therefore, 



3 

Q 



" <9C — 

-< ^jiyi + Ci,---,yn + Cn) + 'd^^^ ■ 

k=i 

Since ■i/'fc = 0, we have 

The convergence of the desired coordinate change results by applying Theo- 
rem O ■ 

Now we shall approach the case of a saddle-node singularity in dimension 3. First 
we will consider the case where only one of the eigenvalues is zero. 
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Theorem 2.8 Let X be a holomorphic vector field defined in a neighborhood of the 
origin of C^. Denote by Ai,A2,A3 the eigenvalues of the linear part of X at the 
origin. Assume that A3 = 0. Assume also that Ai, A2 are non-vanishing eigenvalues 
not satisfying any resonance relation and belonging to the Poincare domain. Then 
there is an analytic change of coordinates where the original system is given {in 
terms of vector fields) by 

X = [Xiyi+y3i>iiyi, 1/2, y3)]d/dyi+[X2y2+y3i>2iyi, 1/2, y3)]d/dy2+y3H{yi, y2, y3)d/dy3 . 

with ipi{0, 0, 0) = ip2{.0, 0, 0) = H{0, 0, 0) = 0. In particular, {y^ = 0} is an invariant 
2-plane. 

Proof. Using the same notation as before, we consider a formal change of coordi- 
nates such that: 

r V'l.Q = when gs = f 7/^2,(3 = when gs = f V^3,q = when 53 = 

\ Ci,Q = when gs 7^ ' \ (2,0 = when gs 7^ \ Cs.q = when ^3 7^ 

As in Theorem \2.1\ the assumption over the eigenvalues guarantee the existence of 
a positive constant 5 > such that infj{|5j^Q| : 51^2^3 7^ 0} > 5 > 0. Hence, 

C -< v,{y + + ^V^i + 1^?2 + ^V^3 • 

oyi oy2 oy3 

Notice that depends only on yi and y2, so that the last term in the above 
estimate vanishes for i = 1,2, 3. On the other hand, by construction, all the non- 
zero coefficients ipi^q are associated to monomials that depend on 2/3, in such a way 
that we are able to conclude: 

and, as before, the application of Theorem 12.21 concludes the proof. ■ 

Next, let us consider the case where two eigenvalues are equal to zero. We 

will notice that the method used in the previous case to prove the existence of an 

invariant plane does not work in the present situation. 

Let X be a holomorphic vector field defined in a neighborhood of the origin of 

C'^, whose linear part has eigenvalues Ai = A2 = and A3 7^ 0. We could try to see 

if the previous method allows us to prove the existence of an invariant plane. Let 

X be given, in local coordinates, by: 

ipi{Xi,X2,X3)d/dXi + ip2{Xi,X2,X3)d/dx2 + [X3X3 + V5l(a;i,X2,X3)]5/9x3 

where (pi, if 2, f3 are holomorphic functions of order at least 2. Using the same 
method it is possible to prove the existence of a formal change of coordinates such 
that ifi is divisible by Xi, and 1^2, ^3 are divisible by X2. In this case, the plane 
{xi = 0} is invariant under X. However, the method used in the above situation 
does not allow us to prove the convergence of the series. 

Let us now go back to the saddle-node case with exactly one eigenvalue equal to 
zero. 
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Theorem 2.9 Let X be a holomorphic vector field defined in a neighborhood of the 
origin ofC^, with eigenvalues Ai 7^ 0, A2 7^ and A3 = 0. Let uq E N be an arbitrary 
positive integer. Then there is an analytic change of coordinates where the original 
system is given {in terms of vector fields) by 

X = F{yi, 2/2, yz)d/dyi + G{yi, y2, yz)d/dy2 + H{yi, y2, yz)d/dy^ , 

such that -F(0, 0, 1/3) = G'(0, 0, 1/3) = 0, i.e, the axis {yi = ^2 = 0} is invariant under 
X. 



Proof. Consider a change of variables of the form 

N N 

xi=yi + ^ atyl , X2 = y2 + ^ hyl , X3 = 1/3 , 



(2.18) 



i=2 



i=2 



We have to show that N, ai, hi can be chosen so as to fulfill our requirements. In the 
coordinates (1/1,1/2,1/3) the vector field X is given by 



1 -EZ2^a,yl-' 

1 -EL^b.yl' 

1 













Hi 



(2.19) 



In the above formula, the functions Fi,Gi,Hi admit respectively the expressions 
below: 



N 



N 



N 



Fi = All/1 + J] Aia,i/^ + (^ a,|/^)( J] 6,l/^)(/i,i(y3) + (*)) + /i,2(2/3) + (**), (2.20) 



N 



i=2 
N 



1=2 
N 



Gi = A2I/2 + 5Z A26.i/^ + (5^ail/3)(5^&.l/3)(^7i,i(2/3) + (* * *))+9iAy3) + i* ^2t2^) 



i=2 



i=2 



1=2 



Hi = h{y;) + {* 



* * * * 



(2.22) 



In the above equations, the components represented as (*),...,(*****) do not 
contain neither constants nor terms depending only on 1/3. In other words these 
components belong to the ideal I{yi) U I{y2)- 

On the other hand, we want to consider the terms depending only on 1/3 which 
appear in the 2 first coordinates of X. After performing the matricial product f l2.29p . 
these coordinates are respectively given by 



TV TV Af TV 

J2Xia,yi + {Y,<^ryl){Y,hyl)fiM) + /i.2(i/3) - {Y,^a,yl~')Ky^) 4ai23) 

1=2 i=2 1=2 1=2 

N N N N 

Y,^2hyl + {Y,a.yl){Y.^^y^9lM) + 9iM) - {Y,'hyt')h{yz) ■ (2-24) 



62 



We now consider the Taylor expansions of namely we set 

fiAvs) = + «S'V3 + ■ ■ ■ and (71,1(1/3) = + /^J'Va + ■ ■ ■ • (2.25) 

Furthermore the assumption on the linear part of X and the expression of the change 
of coordinates in (12.181) allow us to write 

/i,2(z/3) = «?V3 + --- ; 9i,2iy3) = (3?yl + --- , 

h{y3) = Ckvl + ■■■ (Cfc ^ 0, A; > 2) . (2.26) 

Because we just want to cancel the coefficients of degree less than ng + 1 which 
depend solely on 1/3, the Equations (12.231) and (12.241) can respectively be replaced 
by (I2.27P and (12.281) without loss of generality, where 

no no — 1 no — 1 



i=2 i=2 i=2 

no— fc 

+ («f V3' + ■ • • + «Si/3") - ( E '^^yr')i^ky's + ■■■ + CnoVT) (2.27) 



i=2 

and 

no no — 1 no — 1 

E + (E «^^3)(E ^^^3)(/3S'^ + + ■■■ + AUfr') + 

i=2 4=2 i=2 

no— fc 

+ + ■■■ + P^^ivT) - ( E 'b^yl'")(^^y' + ■■■ + ^nS^) . (2.28) 

i=2 

In view of the two formulas (I2.27P and (12.281) above, the proposition is reduced 
to the following claim. 

Claim: The coefficients ag^\ (3^'' are constant (that is they do not depend on a^, hi). 
Furthermore a\^\l3[^'^ are polynomials on ai, 61, . . . , a^, 6^ for 1 < / < ng — 2. In ad- 

12) (2') 

dition, a] , /3l are polynomials on ai, 61, . . . , a;_i, bi-i for 1 < / < ng. In particular 
none of these coefficients depend on a„o,6„o. 

Proof of the Claim. The facts concerning a\^\ (S^^^ (/ = 0, 1, . . . , rig — 2) are imme- 
diate consequences of (I2.25P and of the form of the change of coordinates (I2.18p . 

The assertion regarding ap'', (/ = !,..., ng) has a similar justificative which 
however deserves further comments. 

When we perform the change of coordinates given by (12.181) and consider, for 
instance, dyi/dT, we obtain 

N N N 

AlZ/l + E^l«^^3 + (E«^^3)(E^'^3)(/l(Z/3) + (*)) + f^iVs) + (**) , 
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for appropriate holomorphic functions flifl- Moreover (*) represents terms which 
do not depend solely on the variable while (**) represents terms which are neither 
constant nor depend solely on the variable y^. Fix a monomial of fl having degree 
r G N. The coefficients entering into the term aq are those corresponding to the 
monomials yf^y'^y'^ such that 1 < qi + q2 + q^i < r. This implies the claim. The 
proof of the theorem is over. ■ 

2.3 Advanced Aspects of Singularities 

2.3.1 Saddle-Node in Dimension 2 

Basic Properties 

As was seen earlier, for a foliation J-" (or vector field) with a saddle-node singularity 
in (0,0) G there is a holomorphic change of coordinates, by means of which J-" 
may be given by the 1-form (the Dulac's normal form): 

w(?/i, y2) = [viil + \yl) + 2/2^(2/1, 2/2)] dy2 - yl^^ dyi , 

where A G C, p G N* and the order of R at (0, 0) with respect to yi is at least p + 
Let us consider the formal change of coordinates: 

(2/1, 2/2) ^ (^(2/1, 2/2), 2/2) , (2.29) 

taking u into its formal normal form ujp^\, where ^{yi, ^2) = 2/i + Yl^i '^j(2/i)2/2 

^pAvu 2/2) = [yi(l + W2)] dy2 - yf^^ dyi . 

A careful look shows that the functions ai(?/i) are holomorphic on a common neigh- 
borhood of G C, though the change of variables is not necessarily convergent. In 
other words, the 1-forms, u and ujp^\ are not holomorphically conjugate, in general. 

Example 2.1 Let us consider the following example due to Euler: 

{y — x'^)dx — x^dy = . 

It admits a formal solution given by 

00 

y{x) = , 

n=l 

which does not converge in any neighborhood ofO. Therefore the vector field cannot 
be holomorphically conjugated to its formal normal form. 

In this section we are going to discuss the problem of the analytic classification 
of saddle- nodes following |Ma-R] . Our purpose is to summarize the main points of 
|Ma-R,j by expl aining the role of the sectorial normalizations along with the analytic 
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invariants of the diffeomorphisms arising from "changing the sector". By a sector 
V with vertex at 0, we mean an angular sector of angle 9 < 27i, intersected with the 
ball Br C C of radius r centered in G C. 

Let / be a holomorphic function in U x V, where U is a neighborhood of G C 
and K C C is a sector with vertex at 0. We say that / = ^^101(1/1)2/2 is the 
asymptotic expansion of / at G C if for each n G N there exists An{yi) > such 
that for every yi G U: 



f{yuy2) -^ar{yi)yl 



r=0 



The idea is that certain formal series can be realized as asymptotic expansions of 
holomorphic functions that are defined on sectors of angles 6 < 27t and sufficiently 
small radius r. In other words they are not defined on a neighborhood of zero, 
otherwise the series would have to converge since they would agree with the Taylor 
series of the functions. 

The next theorem, due to H. Hukuara, T. Kimura and T. Matuda |H-K-Mj 
implies that, although in general the 1-forms u and Up^x are not holomorphically 
conjugate in neighborhoods of (0, 0) G C^, they are actually holomorphically conju- 
gate in conveniently chosen sectors. 



Theorem 2.10 (Hukuara-Kimura-Matuda |H-K-M] ) Letip be a formal series 
as defined in 112. 29\} . i.e. the change of coordinates that takes u into ujp^\. Then, for 
every sector V C C of angle less than there exists a bounded holomorphic map 

<l>v : Br X {V \ {0}) Cx{V\{0}) 
(2/1,2/2) ^ (¥'«(2/i,2/2),2/2) , 

such that: 

1. A Wp,A = 0; 

2. if is the asymptotic expansion of at G C 
$y is called a normalizing application. 

To simplify, we will consider the particular case of p = 1. Note that the cases 
p > 1 may be dealt with in a similar way, except that the number of sectors which 
are necessary to cover the ball centered in G C increases. The general procedure 
would be a straightforward generalization of the case p = 1 somehow in the spirit 
of the Flower Theorem (12. 5p compared to the case p = 1 (cardioid-shaped region). 

According to Hukuara-Kimura-Matuda Theorem, we can cover the neighborhood 
-Br of G C with two sectors of angles less than 27i. To fix ideas, we may suppose 
that Vi = Br n {z e C; arg G [0, bir/A) U (77r/4, 2%]} and V2 = Br n {z e C; arg G 
[0,7r/4) U (37r/4, 27r]}. Notice that Vi fl V2 has two connected components. The 
bisectrix of one of them is the positive real semi-axis, therefore we shall denote it 
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by V^. Analogously for V~, the component whose bisectrix is the negative real 
semi- axis. 

Let us consider the foliation induced by the equation ui^x = on a neighborhood 
of (0, 0) G C^. Let J^i (resp. J-2) be the restriction of the foliation to Br x Vi (resp. 
Br X V2). Naturally J-'i and ^-"2 coincide in the intersection of the domains, so we 
denote the foliation in Br x (resp. Br x V~) by J-"^ (resp. 

Theorem 12.101 assures the existence of normalizing applications Hi and H2 de- 
fined on Br X (Vi \ {0}) and Br x (V2 \ {0}), respectively. In the following, our 
aim is to understand the behavior of the applications that are responsible for the 
changing of sectors. First of all, the change of sectors Hi o H2^ gives rise to two 
diffeomorphisms denoted by and g~. The first one corresponds to the restriction 
of Hi o to while the second one corresponds to the restriction of the same 
map to V^. The next proposition gives a characterization for these functions. 

Proposition 2.1 The diffeomorphism = Hi o H2'^\v+ is a translation and the 
dijfeomorphism g~ = Hi o H2^\v- is tangent to the identity. 

Before proving this proposition we will give a geometric approach to g~^ and g~ . 
Firstly, notice that the solutions of ui^x = 0, i.e. the leaves of the foliation, are given 



with c G C. So each leaf of (resp. J^~) is in correspondence with c G C. In other 
words, the leaf space is isomorphic to C, being parameterized by the constants c G C. 
Therefore g~^ (or g~ , depending on whether Re{x) > or Re{x) < 0) is defined on 
C and g~^{c) (or g~{c)) is the corresponding leaf when we change sectors. 

The following is classical after [Ma-Rj . we follow however the discussion in |Rlj . 
Fix a sector V and let us consider the group of automorphisms A^^ a(^)' ^'^^h that 
each element is a diffeomorphism defined on V with the following properties: 

1- 0(2/1,1/2) = {(p{yi,y2),y2), 

2. (p is asymptotic to the identity, 

3. preserves the foliation induced by Ui^x = 0, i.e. (p*Ui^x A ^ = 0. 

Note that if Hi, H2 are normalizing applications on Br xVi, i?,. x V2, respectively, 
then the restriction of Hi o if^^ to (resp. V~) is an element of A^^ ),(y~^) (resp. 
^LJi xi^~))- '^^^ normalizing application obtained in Theorem 12.101 is not however 
uniquely defined. Indeed, if Hi is a normalizing application in Br x (Vi \ {0}), then 
so is Hi o 0, for all G A^^ ^ {Br x Vi). In other words, the normalizing application is 
uniquely defined up to the composition with an element of A^^ xi^)- This is why the 
change Hi o H^^ is not the identity in general. The change is indeed an asymptotic 
expansion of the identity. More precisely, it is an element of A^j^(Vi). The special 
case in which the gluing of the leaves is the identity is exactly the case where the 
formal normal form is holomorphically conjugate to Dulac's normal form. 



by 




(2.30) 
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Proof of Proposition I^TT] , As already mentioned, the sector change = ifioif^^ 
is an element of A^^ ^ . Indeed Theorem 12.101 guarantees that conditions 1 and 2 are 
fulfilled. As to the third condition, we notice that Hi {i = 1, 2) are such that: 

dH,{X) = Xi,x{H,) 

where X is the given vector field (i.e. X = yi{l + Xy2) + y2R{yi, y2)d/dx + 

and Xi^A is its correspondent formal normal form (i.e. Xi^x = Z/i(l + \y2)d/dx + 

yld/dy). Thus, 

d{Hi o H^^){Xi^x){Hi o H^Y^ = dHi o dH^\Xi^x)H2 o H^^ 

= dHi o dH^^ o dH2iX) o iJ-i 
= dHi{X)oH^^ 
= X,^x{Hi)oH^^ 
= Xi,,. 

The map 0(?/i,i/2) = ivi + ^0(1/2) + ESi &i(z/2)z/l, Z/2) belongs to A^^^(\/), if it is 
asymptotic to the identity and preserves the foliation. If we think in terms of vector 
fields the last condition implies that: 

#(Xi,a) = Xi,a(0) , (2.31) 

while the first one is satisfied if and only if the functions bj{y2) are asymptotic to 
the zero function when 1/2 tends to e C. The left hand side of Equation 12.311 is 
given by 

y,{l + Xy2){l + J2jb,{y2)yi-') + ylb'M + vl E ^3^y^)^^ 
3 j 

while the right one is given by 

yi + ho{y2) + h{y2)y(\ (1 + A2/2) . 
i 

The equality between those expression leads us to the following ordinary differential 
equation: 

&;(?/2)2/2 + &.(2/2)(j-l)(l + Ay2) = 0. 
whose solution is given by 



2/2 

where Cj is the initial data. Therefore unless Cj = we have 

lim bj(y2) = 00 

K{j/2)^0+ 

lim 6(^2) = 
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for all j > 1, where by 3ft(?/2) we mean the real part of y2- We have therefore that, 
for j > 1, hj{y2) is asymptotic to the null function if and only if y2 € V~ or Cj = 0. 
This is equivalent to say that Cj = on for all j > 1, i.e. that takes the form 

9^{yi,y2) = {yi + &o(z/2),z/2) 

In the same way we notice that 

lim 60(1/2) = 

5R(j/2)^0+ 

lim 60(1/2) = 00 

Therefore or ?/2 ^ or co = in order to 60 to be asymptotic to the null function. 
This implies that 60 vanishes identically on V~, i.e. that g~ is tangent to the identity. 

H 

Since each leaf of Xi^x is parametrized by a constant c G C (Equation I2.30p the 
diffeomorphismes g~ , can be expressed in terms of the parametrization by those 
constants. In this way Proposition 12.11 says that 

5f+(c) = c + ao 
g-{c) = c + ^,^2«ic' 

Now given two saddle-node foliations that are holomorphically conjugate, it is 
interesting to work out the relation between their sector changing diffeomorphisms 
(which in the p = 1 case, we denoted by g~^ and g~). Indeed, we are going to see 
that if the saddle-nodes are holomorphically conjugate, then their sector changing 
diffeomorphisms are also conjugate by an automorphism of the leaf space. The 
converse is also true, though it will not be fully proved. 

Let J^i and J-2 be holomorphically conjugate foliations given by 1-forms ui and 
u}2, respectively. In other words, there exists a diffeomorphism H that takes the 
leaves of J^i in leaves of J-2. There are also formal changes of coordinates hi and h2 
that take ui and U2, respectively in formal normal forms ui and 0)2. As was seen 
in the earlier discussion, though hi (resp. /12) is not analytic on a neighborhood of 
G C, there are sectors in which the series does converge. In the case p = 1 there 
are functions gf, gi (resp. (7^, g2) that glue together the leaves of the sectors 
and V~. 

We shall define the following equivalence relation: two diffeomorphisms / and / 
are said to be equivalent (and we write / ~ /) if there exists a G DifF(C, 0) with 
ct'(O) = 1 such that: 

/ = cr-^o/oa. 

In other words, conjugate functions belong to the same equivalence class. In this 
sense, if the foliations are holomorphically conjugate, the transition function g^ 
(resp. gi) is equivalent to g2 (resp. (7^). Indeed, notice that the function a = 
h20 H o hi^ G Dijf{C, 0) is an automorphism of the leaf space (which is isomorphic 
to a neighborhood of G C as observed in Formula I2.30p tangent to the identity. 
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Denoting by the restriction of a to and by (T_ the restriction of a to V~ it 
follows that — a^^ o o and g^ — aZ^ o g^ o a^. 

Summarizing, the analytic type of saddle-nodes with p — 1 are in correspondence 
with the conjugacy class of the diffeomorphisms g~^ and g~. Since the conjugacy 
class of translations is obvious, we can think that the information is totally encoded 
in the conjugacy of the diffeomorphism g~ tangent to the identity. It is then natural 
to study the moduli space of diffeomorphisms of (C, 0) tangent to the identity so as 
to have concrete invariants for saddle-node singularities. 

Automorphisms of (C, 0) with identity Unear part 

Now we will concentrate on the study of the automorphisms a of (C, 0) tangent 
to the identity that were used in the above definition of equivalence relation. The 
description of the moduh spaces is independently due to Ecalle and Voronin. In 
what follows we shall follow Voronin construction for the prototypical case p = 1. 

Precisely, we shall give an analytic classification of the mappings of the set A = 
{/ G Diff (C, 0) ; f{z) = z + az'^ + • • • , a ^ 0}. As usual, we define two mappings 
/i , /2 G ^ to be equivalent if and only if there exists a holomorphic diffeomorphism 
H such that H o fi — H. Here we describe these classes of equivalence. 

To begin with we give some Analysis results and definitions that will be used in 
this section. 

Definition 2.5 A homeomorphic mapping f : fl ^ C of a domain fl G C is said 
to be quasiconformal if 

m < k\f,\ 

for k < 1 almost everywhere. 

The function hf = fz/fz is called the characteristic of the quasiconformal map 
/, and the quantity 

Kf^zo) - hm sup^^o— — . 

lTLi\z-^^\=r\f[z)- f[ZQ)\ 

is called the quasiconformal deviation of the map / at the point Zq. Notice that if g 
is a quasiconformal map with characteristic kg — hf, then g o f~^ is conformal. 

Proposition 2.2 A map is quasiconformal in fl if and only if Kf{zQ) < oo for all 
Zq^Q. and K = ||-fi'/||Loo(n) < oo. 

Theorem 2.11 (Measurable Riemann Theorem) For any measurable function 
h such that \\h\\L^ < 1, there exists a quasiconformal map f of the plane C onto 
itself, having the function h as its characteristic h — hf. 
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Next, we consider the specific case of the function fo{z) = z/{l — z) in A. 
Notice that the inversion Aq{z) = —1/ z conjugates /o conformally to the translation 
T{z) = ;z + 1 on C*, that is, 

Aoo/o = ToAo. (2.32) 

Next we are going to see that the last remark holds in general. Namely for every 
function / belonging to there always exist certain domains in C where / is 
quasiconformally conjugate to T. We prove this by using the next two results. 

Theorem 2.12 (A. Shcherbakov) Let f E A, fo{z) = z/{l — z). For every e > 
one can find 6 and a homeomorphism H{z) = z + h{z) of the disk Ks (of radius 6) 
onto itself such that: 

Hofo = foHonKs (2.33) 
e\zi — Z2\, Zj e Ks (2.34) 

This theorem basically asserts that every function tangent to the identity is, 
in a sufficiently small disk, conjugate to /o by a Lipschitz mapping with Lipschitz 
constant close to 1. The proof of the theorem amounts to some finer estimates 
involving the Fatou coordinates |Car-Gj . 

Lemma 2.5 Suppose that for the homeomorphism H (z) = z+h{z), Estimate 1^2. 34 ) 
holds for e < 1, then H is quasiconformal in Kg. 

Proof. This lemma follows immediately from Proposition 12.21 Indeed, under these 
conditions, the quasiconformal deviation of H, K{zo) is such that K{zo) < (1 + 
e)/{l - e) for z e Ks. m 

Proposition 2.3 For each f E A there exist domains R,L (1 C and a quasicon- 
formal mapping G defined on RU L, satisfying 

. GoT = f oG onR, 

• GoT-i = oG on L. 

Proof. Fix e such that < e < 1. From Theorem 12.121 there exists a homeomor- 
phism H : Ks ^ Ks, conjugating / and /o as in f l2.33p . Moreover, this homeomor- 
phism is quasiconformal by Lemma 12.51 

Let i? = {2; G C; |Im2;| > c. Re > c} for a fixed complex number c = 1/p with 
p < 5. The mapping G = H o A^^ defined on R is well-defined and quasiconformal, 
being a composition of a quasiconformal map with a conformal one. Set Qi = G{R). 
It follows from f l2.32p and f l2.33p that G is precisely the conjugacy we were looking 
for. In conclusion, / is quasiconformally conjugate to a translation. 

Moreover, since T{R) C i? it follows that Qi is invariant by /, i.e. f{^i) C fli. 
Analogously, we can define a domain ^2 that is invariant by f~^. More precisely, 
fl2 = G{L) where L = {z E C; \lmz\ > c. Re < — c} with c as before. Naturally, 
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is defined on L and is quasiconformally conjugate to the translation T^^. Thus 
estabhshing the proposition. ■ 

Equivalently, one may define the domains R and L so as to make their boundaries 
smooth (refer to |Car-Gj ). Under these circumstances Aq^{R) is the well-known 
cardioid-shaped region (cf. Section 3.2.2). The reader may keep this figure in mind 
whenever we refer to R and L as it may help intuitively. 

The next lemma gives analytic coordinates Ai and A2 defined on the domains 
Qi and 1^2 • In what follows, we can trace a parallel between the saddle- node case, 
analyzed in the previous section, and the gluing of the domains Qi and ^2- In this 
sense, we are still considering conjugacies which are not defined on a full neighbor- 
hood of the origin. In the saddle-node case, we have sectorial normalizations that 
are provided by Hukuara-Kimura-Matuda Theorem. The analogue of this theorem 
in the present case is the lemma below. 

Lemma 2.6 (Basic Lemma) Let R and fii be as before. Set T{z) = z + 1 and 
consider a quasiconformal homeomorphism Gi of the domain R onto Vti. Let f be 
analytic in Vti such that 

GioT = f oGi. (2.35) 
Then there exists an analytic mapping Ai : Qi ^ C satisfying 

1. Ai is univalent in VLi. 

2. Aio f = T o Ai. 

3. If A[ is another analytic mapping on Qi verifying conditions 1 and 2, then 
there exists c G C such that A[ = Ai + c on Qi. 

Notice that an analogous lemma may be formulated for the existence of the 
analytic mapping ^2:^2^^ with the obvious modifications. 
Proof. As already seen, / G ^ is conjugated to a translation. What this lemma 
asserts is that the conjugating homeomorphism is, in fact, analytic. 

The quotient space R/T is conformally equivalent to the punctured plane C*, 
where ttq : -R — )■ C* is the projection. Since Gi is a homeomorphic mapping satisfying 
f l2.35p the orbits of / are discrete and fii// = 5* is a Riemann Surface. Let n : Qi ^ 
S be the projection of the quotient space. From fl2.35p . we obtain a quasiconformal 
homeomorphism G : C* —> S between the quotient spaces. 

Claim 1 : If there exists a conformal mapping 5 : 5 — t- C* then there is an 
analytic mapping Ai : f2i — )■ C verifying 1, 2 and 3. 

Indeed, notice that Qi is a covering for C* with holomorphic projection tt = Bofr. 
However, the universal covering of C* is C with projection if. Since C is a simply 
connected covering of C* then there exists an inclusion A : Qi "-^ C such that 
7T = TT o A. This mapping satisfies 1, 2 and 3 (details may be found in | Voj ) . 

Claim 2 : If there exists a quasiconformal mapping G : C* — )■ 5", then S is 
conformally equivalent to C*. 
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Since G^^ : 5 — ?■ f/ is a quasiconformal mapping from S* to a domain U , the 
characteristic h of its inverse is independent on the choice of a local parameter on 
5", and ||/i||Lt^(c/) = k <1. Setting /i|c\c/, h remains measurable and ||/i||Loo(c/) = ^• 
By Theorem 12.111 there exists a quasiconformal homeomorphism F of C onto itself 
with characteristic h and we may suppose that -F(O) = 0. So that the map B = 
F o : S" — )• C* is conformal. ■ 

Now we analyze the functions that change the sector, i.e. the analogous to the 
functions g± in the saddle-node case. 

Let $+ (resp. $_) be the restriction of A2 o (resp. A2 o ), where 

V+ = Qi n ^^2|{z: 3{2)>o} and V- = Qi H ^2\{z:^{z)<o} (^(-2) denotes the imaginary 
part of z). 

Remark 2.1 It is not obvious, but with some effort an expression for $± may be 
obtained. More precisely, ^±{z) = z + ^j^^^c^ exp{±2TTikz) (cf. |Voj ) . 

To each f E A we may associate a pair $± of holomorphic functions. Since 
we are interested in the classes of conjugacy of the elements of A, it is natural 
to work out the relations between the maps $± and <i>± associated to conjugate 
diffeomorphisms / and /, respectively. The advantage of the preceding construction 
lies in the fact that the corresponding transition maps are related in a particularly 
simple way. Indeed, by Lemma 12.61 there exists analytic mappings Ai and A2 such 



that: 



A2 o 



To A 



o A2 . 



By assumption, f = Hf^ ° f ° Ho so that 

A.oH^^of = 
A2oH^'of-^ = 



ToA^oH, 











1 



Suppose that Ai is given by Lemma [2.61 for /. Then by item 3 of this same lemma, 
it follows that 




where Ti and T2 are translations. Then 



= T2 O A2 O Hq O Hq^ O A^-^ O T] 
= r2 O <|)_|_ O T^'^ . 



In conclusion, we have obtained the following 
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Theorem 2.13 /// and f belong to the same class of analytic equivalence then the 
transition functions $± and $± are conjugate by a translation. 

Remark 2.2 The reader may notice that, starting from the problem of classifying 
the saddle-nodes, we have iterated twice a procedure of "sectorial normalization". 
This might give the impression that no real progress was made in the second iteration 
towards a concrete description of a suitable moduli space. This is however not the 
case. In fact, in the saddle-node case, we have used sectorial normalizations provided 
by the Hukuara-Kimura Matuda Theorem to obtain diffeomorphisms g^, g~ where 
conjugacy classes determine the analytic type of the saddle- node. The difficulty 
is that g~ is tangent to the identity but it is not uniquely determined. Only the 
conjugacy class of g~ in Diff(C,0) is canonical in the sense that it is uniquely 
determined. Thus, in a "concrete" comparison between two saddle-nodes we would 
be reduced to tell whether or not two "different" diffeomorphisms tangent to the 
identity are conjugate in Diff(C, 0). The answer to this problem is by no means 
obvious. To tackle this new question, we again applied sectorial normalizations (this 
time provided by the Basic Lemma) to obtain new functions 0±. The advantage of 
this second normalization is that 0± are "almost uniquely determined" , in the sense 
that two of them are conjugate by a translation. In particular, it is easy to decide 
whether or not two of them define the same point in the corresponding moduli space. 

2.3.2 Reduction of Singularities in Dimension 2 

So far we have only been analyzing vector fields with simple singularities. However, 
as it will become clear throughout this section, there is a particularly effective way 
of dealing with higher order singularities. The Seidenberg Theorem basically asserts 
that by composing a finite number of blow-up applications, it is possible to reduce 
the order of an isolated singularity until we only obtain simple ones. This section is 
devoted to explain how it can be done. 

The reader will notice that the present exposition is very strongly inspired in the 
treatment given in [M-M], which, in turn, is a blend between the original work of 
A. Seidenberg [SdJ and that of Ven den Essen. 

Let us now fix notations and give a few definitions. Suppose that J-" is a singular 
holomorphic foliation associated to the holomorphic vector field X having an isolated 
singularity at (0,0). We can also think in terms of 1-forms. After all, the 1-form 
oj = Adx + Bdy and the vector field X(x,y) = B{x,y)-^ — A{x,y)^ define the 
same foliation J-'. The eigenvalues of a; = Adx + Bdy at (0, 0) are defined to be the 
eigenvalues Ai, A2 of X at the same point. 

Let An (resp. Bn) denote the homogeneous component of degree n of the Taylor 
series of A (resp. B) centered at the origin. Let k be the degree of the first non- 
trivial homogeneous component of the 1-form u = Adx + Bdy. The blow-up of u in 
the coordinates (x, t) is given by: 



7i*{u) = [Ak{l, t) + tBk{l, t) + x{A{x, t) + tB{x, t))]dx + x[Bk{l, t) + xB{x, t)]dt . 
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while in the coordinates {t, y) it is given by: 

7r*(a;) = y[Ak{t, 1) + yA{t, y)]dt + [Bk{t, 1) + tAk{t, 1) + y{B{t, y) + t~a{t, y))]dy 
where 

t) = t) + X^fc+2(1, t) + x'Ak+^il, t) + --- = ^Y^ An{x, tx) . 

n>k 

We adopt an analogous notation for B. 

Let J(QQ^(a;) = Ai{x,y)dx + Bi{x,y)dy, and denote by C^^ the subset of the 
exceptional divisor E ~ CP(1) formed by the singularities of the "new" foliation 
J" (i.e. the foliation associated to u — 7r*uj). Notice that in the non-dicritical case 
{Ai{l,t) + tBi{l,t) is not identically zero) the set C^o is given by the solutions of 
Ai[l,t) + tBi{l,t) = 0. Denote by fic the order of the singularity c G C^^. 

Suppose that F is a mapping defined on U C with a singularity at (0,0) G 
C^. The order of F at 0, denoted by i^o{F), is the degree of the first non-trivial 
homogeneous component of the Taylor series of F based at the origin. We may 
also define the order of a vector field (as was done in Section 2.4). If X[x,y) = 
{F{x,y),G{x,y)) is singular at (0,0) the order of X is the minimum between the 
orders of F and G. Analogously one may define the order of a 1-form u at 0. 

Let /, g be two polynomials defined on C^. Consider two algebraic curves V and 
W associated, respectively, to / and g, i.e. consider 

V = {{x,y)e C'; fix, y) =0}, W = {(x, y) G C^; g{x, y) = 0} , 

and suppose that they intersect each other at (0,0) G C^. Recall that if g is irre- 
ducible then there exists a local normalization (Puiseux Parametrization) 

oo 

7 : t ^ (^^ ^ antn) , 

n=m 

for a certain k and m < k. We are now able to introduce the notion of intersection 
number of two algebraic curves. 

Definition 2.6 If g is irreducible then the intersection number ofV and W at (0, 0) 
is defined to be 

I{f,g;0)^Mfo^). 

If g is not irreducible but g — g^^ . . . gp^ , where gi, . . . ,gP are irreducible, then the 
intersection number ofV and W at (0, 0) is defined to be 

p 

I{f, g;0) = J2 <^Af. 9i\ 0) ■ 
Finally, the intersection number of the 1-form ou — Adx + Bdy is defined to be 



Io{uj)^I{A,B;0) 
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At this point we are able to state Seidenberg's Theorem. 

Theorem 2.14 (Seidenberg) Let he a singular holomorphic foliation associated 
to the 1-form u = Adx + Bdy defined on an open set f/ C admitting an isolated 
singularity at (0,0). There exists a proper analytic application tt : V U {obtained 
as a composition of blow-ups) of a complex 2-dimensional manifold V onto U, such 
that: 

• 7r^-'^(0,0) = E, where E is the exceptional divisor ofV; 

• TT : V \ E ^ U \ {{0,0)} is a holomorphic diffeomorphism; 

• Up{'K*{uj)) < 1 for allp eV 

In other words, the proper transform of T is defined on a complex manifold V and 
is such that all of its points p & V are either regular or simple singularities. 

Proof. Suppose that (0, 0) is the only singularity of u in U. Let k be the order of u 
at (0, 0). li k > 1, we use the blow-up procedure, described in Section 2.4. In other 
words, we consider the pull-back of u by the proper mapping tt : — ?■ given by 
7r(x,t) = {x,tx). Let 7r~^(0,0) = E denote the exceptional divisor. In coordinates 
{x, t) the blow-up of uj is given by 

u = [Ak{l, t) + tBk{l, t) + x{A{x, t) + tB{x, t))]dx + x[Bk{l, t) + xB{x, t)]dt (2.36) 
with A, B as above. 

As previously seen, the behavior of u varies significantly on the neighborhood of 
E depending on whether or not ^4^(1,^) + tBk{l, t) is identically zero. By analyzing 
these two different cases, it is not hard to obtain equalities relating the intersection 
number of u and its order at (0, 0) (refer to |M-M] for details). More specifically, 

• If Ak{l,t) + tBk{l,t) is not identically zero, i.e. if the exceptional divisor is 
invariant under the foliation, then 




(2.37) 



• If Ak{l, t) + tBk{l, t) = 0, then 




(2.38) 



This corresponds to the dicritical case, i.e. to the case where the leaves of the 
foliation F associated to u are regular and generically transverse to E. 
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There are two possibilities, either the 1-form u has only simple singularities 
and regular points on 7r~^(?7) and the theorem is proved, or there still are points 
c G 7r^-'^([/), such that vJyuS) > 1. So, let us assume that the second case occurs. We 
first set 

Vi=7r-\U), TT, = 7r\v, : Vi ^ U. 

Next, we simultaneously blow-up all the points c E E G Vi such that z/c(a)) > 1. 
Let : V2 — )■ Vi be the resulting application corresponding to these blow-ups. We 
then define 

TT^ = TTi o 7r2 : V2 — )■ f/ . 

Inductively we construct applications tTj : — )■ Vi_i, by blowing-up all the points 
c of Vi-i such that i/c((7r*~^)*(w)) > 1, where 

i — 1 

TT = TT^ O ■ ■ • O Hi^i . 

The Equations (12.371) and (12.381) guarantee that this procedure is finite. Indeed, 
despite the two different behaviors the blown-up foliation J-" may assume, in both 
cases the intersection number I^. decreases if > 1. So if we repeat this procedure 
sufficiently many times, there will be a large enough i such that for every c on V^, 
J^c((vrO*M) < 1. ■ 

Now we shall treat the case of a foliation J-" with only simple singularities. By 
performing additional blow-ups it is possible to obtain a simpler expression for the 
1-form u = Adx + Bdy associated to J-". This corresponding form cannot be further 
simplified by extra blow-ups, and in this sense they are "final" or "irreducible" . 

Theorem 2.15 Consider the singular holomorphic foliation associated to the 1- 
form uj = Adx + Bdy defined on U G with an isolated singularity at (0,0). Let 
TT : V ^ U the blow-up application obtained by Theorem \2.14\ Then for every p G V 
where z/p(7r*(a;)) = 1, there exists a coordinate chart {u,v) centered on p such that 

TT*{u) = (Ai + h.o.t)vdu - (A2 + h.o.t.)udv , (2.39) 

where A1.A2 7^ 0, and A1/A2, A2/A1 do not belong to N, or 

7T*{uj) = {v + h.o.t.)du. (2.40) 

Let us begin our approach to Theorem 12.151 by stating the following result: 

Lemma 2.7 Suppose that the 1-form u = Adx + Bdy is non-dicritical. If there 
exists c G CP(1) such that /ic = 1, then J^{uc) = Aidx + Bidy 7^ 0. In other 
words, the blow-up of uj at c, ujc, does not raise the order /i,r-i(c)- Moreover, 0^ has 
a non-zero eigenvalue. 

Proof. We may suppose that the order of u at (0,0) is /c = 1. According to the 
eigenvalues of cj, there are 5 different situations that should be analyzed separately: 
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1. Ai = A2 = 0; 

2. Ai = A2 = A ^ 0; 

3. Ai 7^ A2, A1.A2 7^ and A1/A2, A2/A1 belong to N ; 

4. Ai 7^ A2, A1.A2 7^ and A1/A2, A2/A1 do not belong to N ; 

5. Ai 7^A2, Ai.A2 = 0. 

Notice that the cases 4 and 5 correspond precisely to the situations reflected by 
Equations f l2.39p and fl2.40p . respectively. Now we show that by blowing up the 
manifold on certain points, the 3 previous cases are reduced to cases 4 or 5. 

Case 1 

In this situation, the jacobian matrix of the vector field X = [B, —A) at (0, 0) is 
similar to 




Therefore, JJ^^q^^u) = ydy, so that the set C^^ is formed by the point c = (1,0) 
and /ic = 2. 

Now we blow-up the foliation at c, obtaining 

oJc = [t^ + x{tb{x, t) + a(x, t))]dx + x[t + xb{x, t)]dt , 

Suppose that ^2(1, t) = ai + + a^t"^. 

Notice that the order of u may be 2 or 1 depending on whether or not ai is equal 
to zero. We analyze the two possibilities separately: 

• (l.a) ai ^ 

In this case, z/(a;) = 1 and to simphfy the notation we denote u by: 

^7 = + x{yb{x, y) + a(a;, y))]dx + x[y + y)]dy , 
Notice that is given by the equation 

aix^ = 0, 

hence formed by the point c = (0, 1) with /ic = 2. Now we blow-up at c and 
in the coordinate chart (t,y), t = x/y to obtain 

fjc = y[ait + y{l + --- )]dt + [ait^ + y{2t + ■■■ )]dy. 
Therefore, C^^ is given by the equation 

ty{3y + 2ait) = 0, 

and hence it contains only simple points. By applying Lemma [2771 we conclude 
that in these coordinates Ai 7^ 0. Therefore we have reduced a; to a 1-form 
which does not belong to Case 1. 
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(l.b) ai = 

Here, z/(a)) = 2, and as before, denote u hj rj. The set is given by 
x{2y'^ + ■yxy + 6x'^) = x{y — aix){y — a2x) = , 

for certain constants 7, 6, ai and 02. 

— If ai 7^ a2 we apply Lemma 12.71 and the conclusion is the same as before. 

— If Oi = 02 = a 7^ then 

f] = [{t — aY + x{- ■ ■ )]dx + x[t + x(- ■ ■ )]dt . 
Hence the jacobian matrix associated to a; is , therefore ad- 



X 2a ^ 
mitting a non-zero eigenvalue. 

— If a = then the point c = (1, 0) G Crj, has multiplicity fic = and 

?7c = [2t^ + x(- ■ ■ )]dx + x[t + x(- ■ ■ )]dt 

So, fj is still of the same type as 77. Notice that by Theorem 12. 141 z/(f/) = 1. 
Therefore this possibility leads to Case (l.a). 

In conclusion, there always exists a way to blow-up u so that both of its eigen- 
values are different from zero. 
Case 2 

Without loss of generality we may suppose that A = 1. Hence there are basically 
two possibilities to be considered: 

• The jacobian matrix of the vector field X at (0, 0) is similar to 

1 

1 

In this situation, J^qq^{u) = ydx — xdy. It is therefore the dicritical case. By 
blowing-up u at each c G CP(1), notice that Uc has no singularities (i/p(a)c) = 
for all p ^ V). 

The jacobian matrix of the vector field X at (0, 0) is similar to 

1 1 
1 

Here, J^q o)('^) ~ —xdx + (x + y)dy, and the set C^^ is the point c = (1, 0) with 
fic = 2. By blowing-up a; at c we obtain: 

Wc = [t^ + x(- ■ ■ )]dx + x[l + t + x{- ■ ■ )]dt 

Notice that the jacobian matrix associated to at c is equivalent to ^ ^ ^ 
This corresponds to Case 5, so that u is reduced to Equation fl2.40p . 



78 

Case 3 

In this case, J^qq^(c(;) = —\2ydx + Xixdy. We may suppose that Ai = 1 and 
A2 = n. So, ui may be written as 

ui — [—ny + (• • • )]dx + + (• • • )]dy . 

Notice that there are exactly two points on C^^, namely Ci = (1,0) and C2 = (0, 1). 
Blowing-up ui at Ci on the coordinate chart {x,t), t — y/x we obtain 

= [t{l -n)+x{--- )]dx + x[l + x{--- )]dt 

so that the jacobian matrix is: 

f Xi \ / 1 
A2-Ai^~\^0n-1 

Therefore, wc have reduced a; to a 1-form having eigenvalues Ai = 1 and there 
are three possibilities for A2: 

• If n = then A2 = — 1 and the reduction of u belongs to Case 4. 

• If n = 1 then A2 = and the reduction of cu belongs to Case 5. 

• If n > 1 then X2 — n — 1 and by blowing-up n — 1 times, the reduction of ou 
belongs to Case 2. 

Now let us analyze the blowing-up of cu at C2 on the coordinate chart {t,y), 
t = y/x where 

= y[-n + y{--- )]dt + [t{l -n)+y{--- )]dy . 
Hence the jacobian matrix is given by: 

/Ai-A2*\ f 1-n 0\ 
\ A2;'"V0 n J 

• If n = then Ai = 1 and A2 = 0, hence the reduction of u belongs to Case 5. 

• If n = 1 then Ai = and A2 = 1, hence the reduction of cu belongs to Case 5. 

• If n > 1 then Ai < and A2 > 0, hence the reduction of cu belongs to Case 4. 

This completes the proof of the theorem. ■ 
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2.3.3 Existence of First Integrals 

To illustrate the applications of the preceding techniques on concrete problems about 
singularities of foliations, we shall provide in this section a detailed proof of a fun- 
damental result due to J.-F Mattel and R. Moussu |M-M] concerning the existence 
of first integral for those singularities. 

Recall that a holomorphic first integral of a holomorphic foliation J-" is a non- 
constant holomorphic function / : (C^, 0) — C that is constant when restricted 
to the leaves of J-". If cu is a 1-form defining J-" then / is such that u A df = 0. 
Equivalently, the leaves of J-" are the irreducible components of the level surfaces of 
/■ 

This section is devoted to the topological characterization of foliations admitting 
a holomorphic first integral, which is itself the main result of [M-M]. 

Let J-" be a holomorphic foliation defined on an open set U <Z C^, with an isolated 
singularity at (0, 0). Suppose that / is a holomorphic first integral for J^. Then the 
following conditions hold: 

1. Only a finite number of leaves of J-" accumulates on (0, 0). 

2. The leaves of J-" are closed as subsets of U \ {(0, 0)}. 

Indeed, if this function exists then the set /^^(O) is the set of the separatrizes of 
J-". Recall that a separatrix is simply an irreducible analytic curve invariant by J-", 
which contains the singularity. Now / can have only finitely many irreducible factors, 
i.e. / = . . . gn"H for some positive integer constants fci, . . . , A;„ and holomorphic 
functions gi, . . . , gn, H such that H{0,0) ^ 0. Hence the number of separatrizes 
must also be finite, as these are given by the equations {gi = 0}. Clearly this is the 
contents of Condition 1. 

Since / is constant when restricted to the leaves. Condition 2 also holds. In 
particular, a leaf L oi T that is not contained in the set /~^(0) cannot accumulate 
on a separatrix. This last remark will often be used in the sequel. 

Conversely, a foliation satisfying Conditions 1 and 2 admits a first integral. This 
is the contents of the next theorem that plays the main role in this section. 

Theorem 2.16 (Mattei-Moussu |M-M] ) Consider the holomorphic foliation T 
defined on an open set U C with an isolated singularity at (0, 0). Suppose that it 
satisfies the following conditions: 

1. Only a finite number of leaves of T accumulates on (0,0); 

2. The leaves of T are closed on f/ \ {(0, 0)}. 

Then T has a holomorphic non- constant first integral f : U ^ C. 

Before proving the theorem, consider two holomorphic foliations with isolated 
singularities, J-" and J-"' defined on a neighborhood U of the origin. We say that J-" 
and J-"' are topologically equivalent if there exists a homeomorphism h : U ^ U, such 
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that h{0, 0) = (0, 0) taking the leaves of J-" into the leaves of J-"'. It follows from the 
above theorem that the existence of a holomorphic first integral obeys a topological 
criterion: if J-" admits one such first integral so does J-"'. 

Roughly speaking, the proof of Theorem 12. 161 consists of three main steps. These 
are as follows: 

Part 1: If J-" satisfies Conditions 1 and 2, then, by performing successive blow- 
ups, the only irreducible singularities found in the Seidenberg tree are those having 
two non-zero eigenvalues Ai and A2 verifying in addition A1/A2 G M-. Thus the 
singularities belong to the Siegel domain. 

Part 2: Study of J-" on a neighborhood of a singularity in the Siegel domain. In 
particular the characterization of those possessing a holomorphic first integral. 

Part 3: Extension of the local "first integrals" obtained in Part 2 to a neigh- 
borhood of the exceptional divisor E. If / denotes this extension, then f = 7T^,f is 
the first integral we were looking for. 

We will give a detailed approach to each part described above in the next 3 
sections. Together, they will conclude the proof of the Mattei-Moussu Theorem. 

Part 1: Analysis of Singularities in the Seidenberg Tree of 

Let us now begin by analyzing the irreducible singularities obtained by the Seiden- 
berg procedure. From now on we shall assume that J-' satisfies the assumptions of 
Theorem \2A6[ 

Proposition 2.4 Let be a foliation satisfying Conditions 1 and 2. Then the 
only irreducible singularities that exist in the Seidenberg tree of J-" are those having 
non-zero eigenvalues Ai and A2 such that the quotient X1/X2 belongs to ]R_. 

As seen in the previous section, every singularity of a given foliation J-" may 
be reduced by successive blow-ups so that the blown-up foliation only contains 
simple singularities with eigenvalues Ai and A2 which fall in one of the following 
cases: 

• A1.A2 = where at least one between Ai, A2 is distinct from zero (the case of 
a saddle-node singularity). 

• A1.A2 7^ with neither A1/A2 nor A2/A1 being a positive integer. 
Let us discuss the different possibilities separately. 

Lemma 2.8 The Seidenberg tree contains no saddle-nodes. 

Proof. Suppose for a contradiction that the statement is false. As we have seen in 
previous sections there are local coordinates (x, y) about a saddle-node singularity 
where the blown-up foliation J-" is given by 

u{x, y) = [x{l + XyP) + yR{x, y)]dy - y^^^dx . 
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Note that {y = 0} is invariant by the blown-up fohation J-". Next let us consider the 
holonomy apphcation of J-' associated to a small loop contained in {?/ = 0} encircling 
the origin. We have already seen on Section 12.2.21 that the holonomy is given by 
h{z) = z + z^^'^ + ■ ■ ■ for 2; on some local transverse section S. 

From the dynamical structure of h (in particular the existence of Fatou coordi- 
nates) we see that there are infinitely many points whose orbit under the iteration 
of h accumulats on G C ~ E. These points naturally correspond to distinct leaves 
of J-" accumulating on the regular part of = 0}. Now we have two possibilities. 

If {y = 0} is contained on the exceptional divisor, then it is projected onto 
(0,0). Hence there are infinitely many leaves accumulating on the origin. This is 
not possible, for we are assuming Condition 1. 

On the other hand, if {y = 0} is transverse to the exceptional divisor, then it is 
projected by vr as a separatrix (recall that tt is proper). There are infinitely many 
leaves accumulating on this separatrix, which again is impossible, since it contradicts 
Condition 2. 

In conclusion the reduction of u does not contain any saddle-node singularity. ■ 
Next we shall discuss irreducible singularities having two eigenvalues Ai, A2 dif- 
ferent from zero. Recall that such a singularity is called hyperbolic if A1/A2 G C \ M. 

Lemma 2.9 There is no hyperbolic singularity in the Seidenberg tree. 

Proof. By the Poincare Linearization Theorem (cf. Section [2. 2. ip we may suppose 
that the vector field associated to J-" is given in local coordinates by 

^ ^ 9 ^ d 

X = Xix— + \2yT- 
ox ay 

Again, {y = 0} is invariant by the foliation and, in order to study the behavior of 
the leaves close to {?/ = 0}, we are going to consider its local holonomy. 

Let x(t) = ee^'^** be a small loop around the origin of C^;. Let T, = {{e,y) : y G C} 
be a transversal section to the leaf {y = 0} through the point (e, 0). The hft of the 
loop to the leaf through the point {e, y) G S is described by the differential equation 

dy dy dx ^ ■ ^2 
dt dx dt Ai^ 

whose solution is given by y{t) = y^'^^^^^/Xit^ Hence the holonomy map turns out to 
be h{y) = e^^^^'^^^^y. However we have that 3?(27riA2/Ai) 7^ since A2/A1 is not in 
M. Now by iterating h, we obtain 

/i«(y) = rV|/. 

where r = ^^C^^^^^/^'i) g^^^ q, _ ^^{2m\2/\i) _ TYie absolute value of h^{y) is determined 
by the value of r. More specifically, if r = e-2'^i™(^2/Ai) ^ then \h^{y)\ tends to 
zero as n increases and, consequently the correspondent leaf accumulate on {|/ = 0}. 
If r > 1 then \h'^{ii) \ goes to zero as n goes to minus infinity. This also ensures that 
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our leaf accumulate on {y = 0}. However, Conditions 1 and 2 prevent this type 
of behavior from happening and we conclude that the reduced foliation does not 
contain this kind of singularities. ■ 

Lemma 2.10 The Seidenberg tree does not contain singularities with non-zero eigen- 
values such that A1/A2 G 

Proof. By Theorems 12.31 and \2.15\ the vector field is still linearizable and {y = 0} 
is invariant by the correspondent foliation. Notice that in this case the holonomy 
application will not help us to conclude that this singularity does not occur. In fact 
the holonomy map has the form y e'^^^^y for some ^ G M, i.e. the holonomy is 
conjugate to a rotation of Diff (C, 0). 

However, by following the radial lines connecting a point xq on the plane {y = 0} 
to the origin, we see that the neighboring leaves accumulate on the origin. Indeed, 
fix a point {xq, yo) G and consider the lift of the radial line x{t) = XqC"*, t G M+, 
contained in {y = 0} to the leaf through (a;o,l/o)- This lift is described by the 
differential equation 

dy dy dx X2 
dt dx dt Ai^ 

whose solution is given by y{t) = y^e'^'^/^^^. Since the quotient A2/A1 is positive it 
follows that {x(t),y(t)) goes to (0,0) as t goes to infinity. Ultimately, this implies 
that there are infinitely many leaves accumulating on (0, 0). Again, such singularities 
do not appear on the blown-up foliation. ■ 

Finally, we have reached the conclusion that we may assume that the blown-up 
foliation J-" only has singularities with eigenvalues such that A1/A2 G ]R_. Before 
proceeding we only remark that: 

Lemma 2.11 All the irreducible components of the Seidenberg tree are invariant by 
the corresponding foliation. 

Proof. If it were not so there would be infinitely many separatrizes, contradicting 
our assumptions. ■ 

Remark 2.3 The argument used in the preceding lemma can be extended to show 
that a singularity has infinitely many separatrizes if and only if by performing a finite 
sequence of blow-ups, we arrive to an irreducible component of the total exceptional 
divisor which is not invariant by the corresponding foliation. This type of singularity 
is called dicritical. 

The above lemmata leading to Proposition \2A\ corresponds to the first part of 
our proof. 
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Part 2: Existence of Local First Integrals 

Let us take a closer look at the only singularities that appear in the Seidenberg 
tree, i.e. those having eigenvalues Ai, A2 such that A1/A2 is in M_. We obtain from 
Lemma [2.21 that in local coordinates {x,y), the vector field is given by: 

Aix(l + h.o.t.)d/dx + X2y{l + h.o.t.)d/dy , (2.41) 

for A1/A2 G M_. First, what needs to be studied is whether or not this vector field 
is linearizable. More generally we would like to tell when two vector fields as above 
(with Ai, A2 fixed) are conjugate. The next proposition due to J.-F. Mattel and R. 
Moussu is of fundamental importance for it allows us to restrict ourselves to under- 
standing whether or not the corresponding holonomy is linearizable (conjugate). 

Theorem 2.17 (Mattei-Moussu |M-M] . |Mj ) Assume that J-'i, J-'2 are given in 
coordinates {x,y) by Equation \2.41\} with A1/A2 G Denote by hi (resp. h2) the 
holonomy of (resp. T2) relative to the axis {y = 0}. Then there is an analytic 
diffeomorphism defined on a neighborhood of (0,0) G and conjugating J-'i, J-2 
if and only if there is an analytic diffeomorphism <f defined on a neighborhood of 
G C and conjugating hi,h2. 

There are two markedly different cases to be considered according to whether or 
not A1/A2 is rational. Firstly, suppose that A1/A2 = —m/n where m, n G N. In this 
case, the holonomy of J-" associated to a loop around the origin in the separatrix 
{y = 0}, is given by 

h{z) = + h.o.t. , 

where z is the parameter on a local section transverse to {y = 0}. This application 
is linearizable if and only if h^{z) = z. It is obvious that if h is linearizable then 
h"^{z) = z. The converse is not obvious but can easily be verified by noticing that 
/ ~ (m Si^o^ A~*/;.*)~^ linearizes h. Note that when it is not linearizable (i.e. when 
h"^{z) = z + h.o.t.) we end up in the case already studied. Namely, we end up on the 
dynamics of the cardioid-shaped region analyzed on Section 12.2.21 Similarly to the 
saddle-node case, this cannot occur since otherwise we would have infinitely many 
leaves accumulating on {y = 0}, what contradicts our assumptions. 

Hence, we may suppose that h is indeed linearizable. From Theorem \2.17\ the 
vector field associated to J-" admits the normal form, given in local coordinates {x, y) 

by 

~ d d 

X = mx- ny— . (2.42) 

ox ay 

Let us now focus on the case where a = X1/X2 is irrational. As before, the 
holonomy application is given by h{z) = e^'^*"^ + ■ ■ ■ . However, since a is an 
irrational number, the difficulty of knowing whether or not h is linearizable increases 
considerably. The problem of ffnding out which are the irrational values of a that 
make the holonomy h linearizable is known as the "Siegel Problem". In fact, for 
certain values of a, it is possible to obtain local diffeomorphisms h as above that 
are non-linearizable. 
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Remark 2.4 Note that it is not difficult to obtain a formal conjugacy / that hn- 
earizes any such h. More precisely, by formally solving o h o f{z) = \z, one 
obtains f(z) — X^S/i-^*' '^^^^ fi — ^ ^-iid 



i-l 

f^ + ^fp ■ ■ ■ K 

P=2 jiH \r3p=i,hj^>l 



To deal with the irrational values of a, let us first consider the linearizable case. 
Then h is conjugate to an irrational rotation of Diff(C, 0). Let C be the set formed 
by the points of intersection between the leaf of J-" passing by (1, zq) G and the 
circle S = {z E T^; \z\ = Zq\. As always, S is the transverse section to {y = 0} 
passing by 1 G C. Since an irrational rotation has dense orbits, it follows that C 
is dense over the circle S. In other words, the leaves are not locally closed, which 
contradicts Condition 2. In particular, any possible holomorphic first integral /, 
would be constant everywhere. Indeed, the restriction of / to E is constant over 
circles about ~ S fl {y = 0}. As a result / would be constant everywhere. 

We are then reduced to discuss the case in which h is not linearizable. To deal 
with this case we are going to show the existence of leaves of !F that are not closed 
on arbitrarily small neighborhoods of G E. 

Let us begin with a simple lemma attributed to J. Lewowicz but, before stating 
it, we give some definitions that will be useful throughout the text. Let f/ be a 
neighborhood of 0, where h G Diff(C, 0) is defined, holomorphic, and injective. Let 
y be a subset of U and fix a point x eV. 

Definition 2.7 The V -orbit of x is the set of points on V, obtained by iterating h 
forward (i.e., — ho ■ ■ ■ o h, p times) and backwards (i.e., h^^ — o ■ ■ ■ o , p 
times), along with x itself (denoting by h^{x) — x). In other words, 

Ov{x) = {yeV- y = h\x), i G Z} 

The number of iterations of x is the number of times h is iterated taking x to a 
point on Ov{x). It is denoted by /iy(a;) and belongs to N U {oo}. 

Note that there may exist points x onV such that /xv(a;) = oo but ^Ov{x) < oo. 
These points are called periodic on V. Naturally, if is finite then ^Ov{x) is 

necessarily finite. 

Definition 2.8 An element h G Diff(C,0) is said to have finite orbits if there ex- 
ists an arbitrarily small open neighborhood V of Q where h is defined, holomorphic, 
injective and satisfies 

#Oy(a;) < oo, 

for every x & V. 

Lemma 2.12 Let K be a compact connected neighborhood o/O G and h a home- 
omorphism of K onto h{K) C M", verifying h{0) = 0. Then there exists a point x 
on the boundary dK of K such that the number of iterations in K is infinite, i.e. 
such that fJ,K{x) — oo. 
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Proof. Denote by K° the interior of K and let fixi^) (resp. fiK°{x)) denote the 
number of iterations of x on i^' (resp. K°). Suppose, by contradiction, that fix only 
attains finite values on the boundary dK of K. Since K is compact, /ik is uniformly 
bounded on dK, i.e. there exists N G N such that 

/iii-(x) < N < oo , Vx G dK . 

Consider the sets 

A = {xeK < N} D dK 

B = {xeK°: /ii^o(x) > iV} 3 

which are non-empty open sets. In fact we can verify that dK C A and G -B. 
Moreover, since ^k°{x) < //^-(x) for all x E K, those sets are disjoint. Notice that 
there exists Xq E K such that Xq does not belong to AU B. Indeed, if it did not 
exist, then every x E K would be such that x E AU B, in other words, K = AU B. 
The connectivity of K would imply that K = A ot K = B, which is impossible. 
Thus there exists xq such that ^k{xo) > N > fiK°{xo). It follows that the orbit 
sets of Xq on K and on K° are different {Ok{xq) ^ Ok°){xo)). In other words, the 
orbit of Xq passes by dK. Let y E Ok{xo) D dK, therefore, f^xiy) = 1^k{.Xq) > N , 
contradicting /ii^lax < A^. ■ 

Lewowicz's Lemma (Lemma I2.12p ensures the existence of points whose orbit 
never leaves the neighborhood of G C. However, it does not exclude the possibility 
that all these points are periodic. In this direction, the next proposition will be 
fundamental. 

Proposition 2.5 If h E Diff {C,0) is not periodic then there exists open neighbor- 
hoods U of on C such that h is holomorphic, injective and for each U, the set of 
points X E U with infinite U- orbit is uncountable and is an accumulation point. 

The basic idea behind its proof is to consider sets for n G N such that 
Un = {x E U] h{x), ■ ■ ■ , h"'{x) are defined, and h"'{x) = x}. If the domain of /i" 
were connected and h"' ^ id then each f/„ would be a finite set. In particular, 
UnGN would be countable. By the lemma the set of points with infinite number 
of iterations is uncountable, hence there would be an uncountable set of points with 
infinite orbit. The difficulty with this argument is that the domain of /i" may be 
disconnected and /i" may coincide with the identity on one connected component 
and not on the component containing 0. This is why the proof of this proposition 
is slightly more subtle as we need to consider the various connected components of 
the domain of h"-. 

Proof of Proposition 12.51 Let Dp^ be a closed disc centered at with radius po- 
Using the same notations as in Lemma 12. 12^ we define the following sets: 

P = {x E Dp^,: fiDp^^ix) = oo, ^Od,^{x) < oo} 
F = {x E Dp^: fiDp^ix) < oo, i^Oo^^ix) < oo} 
/ = {xEDp^: fiD,^{x) = oo, #0i5^^(x) = oo} 
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Naturally, Z^p^ = PUFUI. Furthermore, Lemma [2. 121 implies that for every p < po 

{Pui)ndDp^^. 

Claim: One of the sets, either P or / (or both) is uncountable. 

Indeed by Lemma 12.121 for every compact disc Dp with p < po there is a point Xq 
on its boundary with an infinite number of iterations. Hence there are uncountahly 
many points Xq in Dp^ such that /i£)p^(xo) = oo. These points belong to / U P, thus 
either P or / must be uncountable. 

Under these notations, the contents of the proposition is that the set / is un- 
countable. Thus, it suffices to show that if P is uncountable then / is necessarily 
uncountable as well. This is what we shall do in the sequel. 

Before continuing, let us define the following sets containing 0: 

v4i = P)p„, A2 = Dp,^^h-\Ai), ■■■ An = Dp,^nh-\An-i), 

Note that An is precisely the domain of definition of /i". 

Let Cn be the connected (compact) component of A^ that contains and let 

neN 

C is, in particular, connected. 

Lemma 2.13 We can assume, without loss of generality, that C is countable. 

Proof. Consider the case where C is uncountable. Suppose for a contradiction 
that / is countable (and P uncountable). Then J fl C would also be countable. We 
consider now C fl P and note that it must be uncountable., otherwise C would be 
countable, since C C P U I. Let 

cnp= [jPn, 

where P„ is the set of points a; G C fl P of period n. 

Note that there exists a certain uq E N such that P^q is infinite, otherwise all 
of the P„ would be finite and C H P would be countable. Being infinite, P„q has 
a non-trivial accumulation point in C^q. The application h"'° is holomorphic on an 
open neighborhood Uq of C„„ and it is the identity on P^^ fl Uq. Since this set has 
an accumulation point on Cng then h'^°{z) = ^; on ?7o, by the Identity Theorem. By 
construction, Cng contains the origin so that Una is a neighborhood of G C. This 
contradicts the hypothesis of non-periodicity of h. Hence / is uncountable. ■ 

In view of the preceding lemma, in the sequel we always assume that C consists 
of countably many points. First, note that there exists p < Po such that CndDp = 0, 
otherwise C would contain a point xq on the boundary of Dp for every p < po- This 
is obviously impossible since C countable. From now on let us fix one such p > 0. 
We note that, in particular, C C Dp. 
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Next, notice that the sets Ci fl dDp, (Ci fl C2) n dDp, (Ci fl C2 fl C3) fl dDp, . . ., 
for p as above, form a decreasing sequence of compact sets. Hence the intersection 
rinGN H dDp is nonempty, unless there exists no G N such that C„„ fl dDp = 0. 
The last case must occur, since p was chosen so that C fl dDp = 0. 

Let K he a compact connected neighborhood of C„o that does not intersect the 
other connected components of An^, if they exist. In particular one has dKnAng = 0. 

Lemma 2.14 For every x G dK there exists m < hq such that h"^{x) is not on Dp. 
Besides dKnP = ^. 

Proof. To verify the existence of m, suppose for a contradiction that for every 
m < no, h"^{x) belongs to Dp, for x G dK. In this would have at least no 

positive iterations of h. This means that x G Ang, what contradicts the construction 
of K. 

Moreover, if there existed a periodic point of Dp^ on dK, then x would belong 
to every set A^. In particular it would belong to An^, what is a contradiction. ■ 
Before continuing to prove that I is uncountable, we define the following sets: 

P' = {x G K; Pk{x) = 00, ^Ok{x) < 00} 
F' = {x e K; Pk{.x) < 00, #Oii-(x) < 00} 
/' = {a; G K; Pk{x) = 00, i^OKix) = 00} . 

Let 

neN 

where is the set of the periodic points on K with period n. 

Lemma 2.15 = int(P^) UdP^, where int(P^) is open without boundary and dP^ 
is finite, consisting of isolated points. 

Proof. Let p be the limit of a sequence of points in P^. Note that we do not 
assume that this sequence is constituted by pairwise distinct points so that every 
point belonging to P^ automatically satisfies this condition. Clearly, it suffices to 
show that there is a neighborhood of p contained in P^ in the case that the sequence 
is not trivial, i.e. p is an accumulation point of the sequence. By definition, there 
exists an open connected neighborhood Wofp where h"' is defined and holomorphic. 
Moreover /i" is the identity on P^ fl W. Hence, if p is an accumulation point of the 
limit sequence of points in P^ then it h"'{z) = z on W from the Identity Theorem. 
On the other hand, the i^-orbit of p does not intersect dK (cf. Lemma [2.14p . Thus 
W can be chosen sufficiently small so that h{W), h'^{W), . . . , h'^{W) C mt{K). This 
proves that W C int(P^). Hence P' consists on the union of isolated points with 
int(P^). Clearly the number of isolated points must be finite, hence implying the 
lemma. ■ 
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Lemma 2.16 The boundary of P' is countable {consisting of the union of the iso- 
lated points in P^, for n G N). 

Proof. Let us first consider IJ^^^j int(P^). Naturally it is an open set and we 
will prove that its boundary is empty. Suppose, for a contradiction, that there 
exists p in the boundary of IJ^^j^ int(P^). Then there is a sequence of points {pk} 
in IJ^gj^ int(P^) converging to p. Fix a small disc about p and choose a point 
Pk G |J„gj^ int(P^) belonging to this ball. Hence there is uq such that pk G P^^. 
Clearly pk belongs to K since P' C K. Furthermore, p belongs to K as well since 
K is closed. Finally, because K is connected (by construction), there is a path 
c : [0, 1] — )■ joining pk to p (i.e. such that c(0) = pk, c(l) = p). Since pk lies in 
P^^ and p does not, there is to ^ [0, 1] such that c(to) belongs to the boundary of 
int(P^g). This is a contradiction to the previous lemma. Thus dP' is countable as 
the union of the finite sets dP^. ■ 

Finally, we have one last simple lemma that will allow us to conclude the proof. 

Lemma 2.17 F' is an open set of K. 

Proof. Note that, by definition, for points x G F^'^""^' we have j^Oxix) = /ift:(x)+l. 
Let 

n>0 

where is the set of points in F' such that fixi^) = n. We claim that F^ are open 
sets. Indeed by continuity of h, every point of F^ has a neighborhood of points also 
having n iterations on K. Since F' is the union of open sets, it is itself an open set. 
■ 

To conclude the proposition we proceed as follows. Clearly we have 

K = mt{P') U F' U {I' U dP') . 
We shall analyze separately the following possibilities: 

• Suppose that F' = 0. 

Then dK C int(P') U (/' U dP'). However, by Lemma fllM dK does not 
contain periodic points and so dK C /' U dP' . Now dP' is countable, by 
Lemma 12.161 and by construction dK in uncountable. Therefore we conclude 
that /' is uncountable. 

• Suppose that P V and int(P') = 0. 

In this case, we have that K = F' U {I' U dP'). Note that for sufficiently 
small values of r > 0, the compact disks Dj. are contained in K. And so, by 
Lewowicz's Lemma (Lemma I2.12p . we have that dDrr\{I'UdP') is non-empty. 
Therefore, (/' U dP') is uncountable, and as before, /' must be uncountable as 
well. 
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• Suppose that F' 7^ and int(P') ^ 0. 

Note that int(F') and int(P') are non-empty disjoint open sets of int(i^'). Thus 
K \ (int(F') U int(P')) is non-empty so it must be uncountable. Naturally, it 
is contained on (/' U 9P') and so, /' must also be uncountable. 

This completes the proof of Proposition 12.51 ■ 

Proposition 2.6 Suppose that the holonomy associated to T and to a local trans- 
verse section S is given by h = e^'^^'^z + h.o.t., where a is irrational. Then there 
exist leaves of that are not closed on arbitrarily small neighborhoods ofO. 

Proof. It follows from the preceding proposition that there exists a sequence of 
points pn = h"-{po) G S, pairwise distinct and accumulating on a point p G S. 
In fact there exists an uncountable number of such sequences. Note that each pn 
belongs to a same leaf L. We will show that the leaf L passing through pn is not 
closed. 

Suppose that the accumulation point p is in L, otherwise the claim is obvious. 
Suppose that there exists an isolated point q of L fl S. Consider a path on L 
connecting these two points, by continuity of the holonomy application, there is also 
a sequence of points of LflS accumulating on q. In other words, LflS has no isolated 
points. Therefore, the closure L fl S of L fl S is uncountable (being a perfect set). 
However, L fl S is countable, for every leaf in a foliation can intersect a transverse 
section only countably many times. Hence, L fl S has points of accumulation that 
do not belong to it. In particular, L is not closed. ■ 

Proposition 2.7 Let J-" be a foliation satisfying Conditions 1 and 2. Then its Sei- 
denberg tree only contains singularities that admit a local first integral. In particular, 
the local holonomy of their separatrizes is finite. 

Proof. Indeed, the preceding discussion allows us to conclude that the only possi- 
bility which does not contradict the hypothesis is when A1/A2 = —m/n is a rational 
number. It follows from Theorem 12.171 that the vector field associated to J-" is holo- 
morphically conjugate to a linear one, locally given by Equation fl2.42p . Notice that 
its solution is given by (f){T) = {xqc"^'^ , yoe~^'^) . Hence there exists a local first 
integral. More precisely, f{x,y) = x'^y"^ is constant over the orbits of the vector 
field. ■ 

Now we go back to Theorem 12.171 and give an idea of the basic principles behind 
its proof. 

Proof of Theorem 12.171 Suppose that there exists a holomorphic diffeomor- 
phism (fi conjugating the holonomies hi and /12 relative to the foliations J-'i and J-2, 
respectively and to a loop encircling the origin of a separatrix. Let D{e) be a 
disk of radius £ > on a local section S transverse to the separatrix (which we 
can assume to be given, in local coordinates, by {y = 0}) at the point (1, 0), whose 
image under hi is still contained in the previously chosen neighborhood. 
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Recall that the vector field X, associated to the blown-up foliation J-" is given 

by: 

X = Aix(l + h..o.t.)d/dx + A2y(l + rmh.o.t.)d/dy . 

Note that away from {x = 0}, the leaves of the foliation J-" are transverse to the 
vertical complex lines, i.e. to the fibers of 7ri(x,?/) = x. 

First, we define a holomorphic application on the solid torus 5*^ x D{e). This 
is done by lifting, with respect to tti the path 7 along 5*^ that connects (1,0) to 
(e*^°,0), to a path 71 on the leaf Li of J^i that passes by z G E. Note that this 
lift is well-defined since the leaves are transverse to the fibers of Hi. We also lift, 
with respect to tti, 7 to a path 72 on the leaf L2 of J-2 passing by (p{z). Now we 
extend the diffeomorphism by declaring that (p takes the final extremity of 71 to 
the final extremity of 72. We have to show that this extension of is well-defined 
when 7 becomes a loop around G {y = 0}. This is however clear, since the final 
extremity of 71 (resp. 72) is, by construction the image of z by hi (resp. /i2) and 
we have ip o hi = h2 o ip. Thus we conclude that is well-defined on x D^e). cf) 
is moreover an extension of i.e. 0|ixD(e) = V- 

Next we wish to extend holomorphically to a neighborhood of (0, 0) and so 
that it still conjugates the foliations. Consider them the radial lines Rg^^ connecting 
each point (e*^°, 0) on to the origin. Let Li be the leaf of J^i passing by (e'^°, z) G 
5^ X D{e) and let 7eQ be the path over Li such that n(70y) = RQ^^. Analogously, let 
L2 be the leaf of J-2 that passes by 0(e*^'', z) and let t^^q be the path over L2 that 
projects on R0^^ by vri. We define to be the application that takes 7^0 into 'qoo 
by preserving the projection tti. By construction, is a holomorphic conjugation 
between J^i and ^2 on its domain. Note that the domain of is precisely the 
saturated of S by J-" which is going to be denoted by J-'s. 

However note that, a priori^ as we follow the radial lines approaching the origin, 
the union of J-^ and {x = 0} may not contain a neighborhood of (0, 0). 

To be more precise, let us revisit the construction of along the radial lines Re^. 
For example, consider this construction over the radial line Ro contained in {y = 0} 
and joining the point (1,0) = S fl {y = 0} to (0,0). By definition, we begin with 
a point Zq & H and consider the path 72^ : [0, 1] — ?■ L^q, 7(0) = Zq, that lifts only a 
segment of the radial line Rq on {y = 0}, going from (1, 0) to a point (g, 0), with q 
close to G C. Let E^^, be the set consisting of the final extremities, 7^0(1) of the 
paths 720 as above for every 2; G S. In particular, I^z^ is contained in the vertical 
line {x = q}. The difficulty to ensure that will lead to a conjugacy defined around 
(0, 0) G is related to the fact that may not contain a uniform disc about 
G C as g -> 0. 

In his manuscript [M], J.-F. Mattel estimates the size of the sets S^g as above 
(for all the radial leaves involved and not only the example considered above of Rq). 
The fundamental result in [M] is the existence of a uniform e > 0, such that every 
set S^g contains the ball of radius e about G C. In particular, he obtains: 

Proposition 2.8 (Mattel [ iMj ) Let be a foliation with eigenvalues Ai and A2, 
such that Re(Ai/A2) < 0, then J-s U {x = 0} contains a neighborhood of (0, 0) G C^. 
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The estimate of a uniform e > as above is done by integrating along Rg^-^ the 
differential equation inducing the foliation J^i (resp. J-2). It is exactly at this point 
that the assumptions A1/A2 G M- plays its role. 

This behavior is particularly clear when we consider real ODEs with real eigen- 
values Ai and A2 satisfying A1/A2 G We have that \y(t)\ increases as \x(t)\ 
decreases, where 7zo(t) = {x(t),y{t)). Indeed this would yield the classical picture 
of the phase space of a saddle (cf. Figure 



Note also that, if we consider the case A1/A2 G IR+, the statement would be false. 
Indeed, with analogous notations, the sets S^,, would be contained in balls with radii 
converging to zero when g — )■ ~ (0, 0). 

Although Mattel's manuscript was not published, an extension to higher dimen- 
sion of this result can be found in |R2] and will be treated in the next section. 

Let us now go back to the proof of Theorem 12.171 Whereas (p is holomorphic on 
its domain, this domain clearly does not contain {x = 0}. To extend (p to {x = 0} 
it is however sufficient to note that is bounded by construction. On the other 
hand, we already know that is defined onU\{x = 0}, where f/ is a neighborhood 
of (0,0) e C^. Hence the extension of (p to {x = 0} follows immediately from the 
Riemann Extension Theorem. Thus the proof of Theorem 12.171 is over. ■ 

This concludes the second part of the proof of the Mattei-Moussu Theorem. 

Part 3: Extension to a Global First Integral 

In this part we wish to extend the local first integrals, obtained in the previous 
section, to a global first integral defined on a neighborhood of the exceptional divisor 
of the blown-up foliation. Naturally this implies the existence of a first integral of 
the original foliation, hence yielding Theorem 12.161 

To explain the idea of the construction suppose first that a single blow-up ap- 
plication is sufficient to obtain reduced singularities pi, . . . ,p„ on the exceptional 
divisor E ~ CP(1). It follows from what precedes that these singularities admit 
local first integrals. It will also become clear that this case already encloses the 
main difficulties of the general construction. 




Figure 2.3: Phase space of a saddle. 
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The basic idea is to extend the local first integrals around the singularities along 
the leaves of the blown-up foliation. If it is shown that such an extension is well- 
defined, then the first integral will be defined on a neighborhood of the exceptional 
divisor. Indeed, due to Mattel's estimate (Proposition [2]8]), the saturated of the local 
transverse sections Sj by the foliation contains a neighborhood of the singularities 
Pi (except for the separatrizes at each pi that are transverse to E = 7r"^(0,0)). 
Consequently the extension would be defined on a neighborhood of CP(1), since 
they can again be extended over the transverse separatrizes thanks to the Riemann 
Extension Theorem. 

To extend the mentioned first integral, it is necessary to study the projective 
holonomy of J-". Namely, note that E \ {pi, . . . ,pn} is a regular leaf of J-". The 
holonomy associated to this leaf, which is called the projective holonomy of J-" (or 
of J-"), gives us a representation 

p:ni(E\{pi,...,p„})^Diff(C,0) 

where Ili{E \ {pi, . . . stands for the fundamental group of E\ {pi, . . . In 
the sequel we often make no distinction between the projective holonomy of J-" and 
the subgroup of Diff (C, 0) defined as the image of p. 

Lemma 2.18 The projective holonomy oj T is finite {i.e. p{Ili{E \ {pi, . . . ,Pn})) 
is a finite subgroup o/Diff(C, 0)). 

Proof. Note that p{Ili{E \ {pi, . . . ,Pn})) is Abelian. Otherwise we can consider 
h id having the form h = f o g o f^^ o g^^ for f,g& p(Ili{E \ {pi, . . . 
Note however that h'{0) = f'{0)g'{0){f'{0))-\g'{0))-^ = 1, i.e. h is & non-trivial 
difeomorphism tangent to the identity. Then the local dynamics of h is given by the 
cardioid-shaped region (cf. Section r2.2.2p . and thus there are infinitely many leaves 
of J-" accumulating on E = 7r^^(0, 0). These leaves produce infinitely many leaves of 
J-" accumulating on (0, 0) what is impossible. 

To complete the proof note that ni(_E\ {pi, . . . ,Pn}) is generated by small loops 
around the singularities pi, {i = 1, . . . , n). Hence p(Jli{E\{pi, . . . ,Pn})) is generated 
by the local holonomies hi associated to those singularities. Moreover each hi has 
finite order thanks to Proposition 12.51 Since p{Ili{E \ {pi, . . . ,Pn})) is Abelian, the 
statement follows. ■ 

Lemma 2.19 The group G = p{Ili{E \ {pi, . . . ,Pn})) is indeed cyclic. 
Proof. Consider the following group: 

G' = {/' (0); feG} 

and consider also the homomorphism a : G{g Diff(C,0)) — )■ G'(c C*) associating 
to each element f of G its derivative at 0. We claim that the homomorphism is 
one-to-one and hence a bijection onto its image. Indeed, suppose that /i and /2 
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are two distinct elements of G such that = Q;(/2)- Then / = /i o f^^ is a 

non-trivial diffeomorphism tangent to the identity, i.e. such that /'(O) = 1. In other 
words, / has infinite order, which is impossible because the group is finite. 

Now let / be an clement of G. The derivative /'(O) has modulus equal to 1 
since / has finite order. In other words, G' is actually a subgroup of identified 
with the complex number of norm 1. A discrete subgroup of is cyclic: to find 
a generator it suffices to choose the element of "smallest" argument (different from 
zero). In particular, G' is cyclic since it is finite. Finally, because a induces a 
bijection between G and G' wc conclude that G is cyclic as desired. ■ 

Before continuing, let us work out in detail a simple example of a foliation having 
a global first integral /. As before we are considering the case where a single blow- 
up of the foliation gives us singularities Pi,P2,P3 in the exceptional divisor all 
in the Siegel domain. They are obtained by the intersection of E with the proper 
transforms of the separatrizes of T (which is simply the set /~^(0)). Suppose that 
the first integral is given by the polynomial 

with ni, n2, G N. 

Note that the vector field X, associated to the foliation J^, having / as its first 
integral is given by 

dy dx dx dy 

Indeed, the 1-form associated to X \s uj = ^dx + ^dy and, since uj A df = 0, we 
have that / is a first integral of T. 

Let us analyze the blown-up foliation on a neighborhood of its singularity given 

by the intersection of the exceptional divisor 7r~^(0, 0) with the proper transform of 
the separatrix {y = 0}. In coordinates {x,t), where 7i{x,t) = {x,tx) = {x,y) the 
vector field is given by x(''i+"2+n3-2)^(n2-i)(i _ t)(n3-i)x where 

~ d d 

X = {n2x{l -t) - risxt)— + t{-ni -n2 - n3 + t{ni + n2 + ns)) — 

d d 
= n2x[l h.o.t] — - {rii +n2 + ns)t[l + h.o.t] — . 

Thus the eigenvalues associated to X on a neighborhood of the singularity p2 
at the separatrix {y = 0} are Ai = — (ni + n2 + ^3) and A2 = n2. Recalling 
the earlier discussion, we conclude that the local holonomy is given by h2{z) = 
^-2mn2/{ni+n2+n3) ^ _ Analyzing the other two singularities pi at the separatrix {x — 
0} and p3 at {x — y}, by analogous calculations we see that their holonomies are 
respectively given by hi{z) = e-2™i/(«i+"2+"3)^ ^nd hsiz) = e-2™3/(ni+n2+n3)^_ 

The general case of a polynomial first integral given by k separatrizes 

P{x,y) = x^'y^^x - yf-^{x - a^yf^ ...{x- auyT' 
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is analogous. At each pi the holonomy is given by hi{z) = e~^™'/("i"' '""fc)^^ 
where rii is the multiphcity of the separatrix that contains Pi. Note that we have 
fixed 3 separatrizes, i.e., {x = 0}, {y = 0} and {x — y = 0}. This can always be 
done without loss of generality, i.e., we may suppose that 3 of the singularities of the 
blown- up foliation are produced by these separatrizes. In fact, since PSL(2, C) acts 
transitively on triples of points in CP(1), i.e., there always exists a transformation 
taking pi, p2 and p^ on any other 3 distinct points of CP(1). Hence the desired 
normalization can be obtained by a linear change of coordinates. 

Naturally, the vector field X having P as its first integral is a homogeneous 
polynomial of degree rii + ■ ■ ■ + Uk — I. And so, the foliation associated to X is 
preserved by homotheties. Indeed, one has X{Xx,Xy) = X^^'^~^""^^''~^^X{x,y), for 
A G C*, so that the "direction" determined by X at the points {x,y) and {\x,\y) 
is the same. This implies that the holonomy maps h associated to the leaf E \ 
{pi...,Pk} of J-" (i.e., the elements in the projective holonomy group of J-", J-") 
commutes with homotheties. This can easily be established in details as follows. 

Lemma 2.20 If X{x,y) = F{x,y)d/dx + G{x,y)d/dy is homogeneous, then the 
projective holonomy group h is linear. In other words, the elements of the group 
p(ni(CP(l) \ {pi, . . . ,Pk})) are linear applications of Diff(C, 0). In particular the 
whole group is Abelian. 

Proof, let J-" be the foliation associated to X. Since X is homogeneous, the 
separatrizes of J-" are radial lines. In the complement of the separatrizes, the leaves 
of J-" are transverse to the complex vertical lines of C The blown-up vector field X 
is of the form 

X = xF{l, t)— + {G{1, t) - tF{l, t)- , (2.43) 

We can parameterize the leaves of J-" by t — )■ {(p{t),t). Indeed, away from the 
proper transforms of the separatrizes of J-", J-" is transverse to the Hopf fibration 
given in these coordinates by {x, t) 1, where t is the natural coordinate along the 
exceptional divisor. Hence the fact that there is a parametrization for the leaves of 
J-", gives us the differential equation: 

^'{t) = A{t)^{t) , (2.44) 

where A{t) = fyltFii t) ■ ^^^^ that the mapping (ptg : x ^-^ ip{tQ,x) where to is 
fixed and x is taken as the initial condition is linear. In fact, if (fi, (p2 are solutions 
of fl2.44p . their sum ipi + ip2 as well as the product c(pi, c G C, are also solutions of 
fl2.44p . Hence, iptg{xi,X2) = ^to{xi) + '^to{x2) and '-Ptoicto) = c^toix). It follows that 
'■Ptoix) has the form \{tQ).x. In particular, the holonomy maps have to be linear. 
Indeed, the coordinate d/dt in (12.431) depends only on t, so that holonomy maps 
actually agree with "time to" fiows. □ 

Now going back to our example, we have in addition that the generators hi, . . . ,hk 
are finite. Therefore, the projective holonomy corresponds to the group of rotations 
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of order rii + ■ ■ ■ + rik. Indeed, they can be chosen as the local holonomies around 
the singularities of J^. 

Let us consider our initial foliation J-' satisfying Conditions 1 and 2 of the Mattei- 
Moussu Theorem. Recall that we are assuming that the singularities of the Seiden- 
berg tree of J-' can be reduced by performing a single blow-up. To fix notations, 
suppose that J-' has k reduced singularities, pi, - ■ ■ ,Pk- 

Now consider the foliation J-p that admits a polynomial first integral P, such that 
J-'p has precisely the same singularities Pi, - ■ ■ as J-". Recall that the foliation J^p 
admits a fibration transverse to the exceptional divisor and such that the separatrizes 
are fibers, which is simply the Hopf fibration, realizing as a line bundle over CP(1) 
(projection along the proper transforms of the radial lines of C^). 

Naturally we can wonder if J-" is actually conjugate to our "model" foliation J-'p. 
If this were the true, then the existence of a first integral for J-" would follow as 
a corollary. To obtain some evidence that this might be the case, let us take the 
obvious identification of the exceptional divisor E (associated to the blown-up of J-') 
with the exceptional divisor of the blown-up of J-p, which will also be denoted by 
E. Naturally, E \ {pi, ■ ■ ■ ,pk} is a leaf of the foliation J-". Moreover, recall that the 
projective holonomy in both cases is cyclic, so that they actually coincide. 

The problem of deciding whether or not J-", J-'p are conjugate is a special case of 
the study of moduli spaces for holomorphic foliations. The next theorem is a small 
piece in this direction. 

Theorem 2.18 Suppose that there is a fibration U, transverse to the exceptional 
divisor, and such that the proper transforms of J^ are fibers. Then the foliations J-" 
and J^p are holomorphically conjugate. 

Proof. The assumptions on the existence a transverse fibration on a neighbor- 
hood of the origin, allows us to lift paths on E\ {pi, ■ ■ ■ ,pk} to paths in the leaves 
of J-'. The method we use here is essentially the same as the one used in the proof 
of Theorem 12.171 

Let h he a conjugacy between the projective holonomy groups of J-' and J-'p 
represented in S. Given a point ^ G S and a path j E\ {pi, ■ ■ ■ , pfc} we can lift 7 
with respect to 11 to a path 7 contained in the leaf of J-" passing by z G S. Similarly 
7 can also be lifted with respect to the Hopf fibration into a path contained in a leaf 
of J'p. ^ ^ 

To construct the conjugacy between T and Tp we proceed as follows. Take 
2; G E and a path 7 C \ {p^, ■ ■ ■ as above. Let 71 be the lift of 7 with respect 
to n in the leaf of T passing by z.^ Similarly, let 72 be the lift of 7 with respect 
to the Hopf fibration in the leaf of Tp passing by hi^z). We then impose that H to 
take the endpoint of 71 to the end of 72. This apphcation is well-defined because 
the projective holonomies are conjugate. Moreover, thanks to Mattel's estimate 
(Proposition 12. Sp . H is defined on the neighborhood of each singularity pi, except 
for the separatrizes not contained in the exceptional divisor. As before, we use the 
Riemann Extension Theorem to define H on the separatrizes. □ 
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Taking this into account, the problem of finding a conjugacy as desired, rehes 
only on the existence of a fibration over E \ {pi, ■ ■ ■ ,pf^} having the mentioned 
separatrizes as fibers. However, the existence of this fibration can only be guaranteed 
if the number of singularities is at most 4. A counter-example for the case of 5 
singularities can be found in |B-M-S] . This prevents us to deduce Theorem 12.161 
from a strong result related to the moduli space of foliations. So, in order to treat 
the general case we cannot rely on the conjugation of J-' and J-p. Fortunately, the 
existence the existence of the fibration is an assumption much stronger than what 
is really needed to solve the problem of obtaining a first integral. 

Indeed, we do not really need an application that conjugates the leaves of J-" and 
J-p, rather, it suffices to find that is constant along the leaves of J-" and defined 
on a neighborhood of E. This is what we shall do in what follows. 

Proof of Theorem \2.1(A in the case where the foliation is resolved with a single 
blow-up . From now on we consider the foliation J-" along with its blow-up J-". Con- 
sider again the transverse section S for J-". As it was seen, the projective holonomy 
of J-" is finite and cyclic. Let 2; be a local coordinate in S in which the generator of 
the holonomy of J-' is given by 

Next we consider the function /i : S — )■ C given in the above coordinates by h(^z) = 
z"^. Clearly h is invariant by the holonomy group of the leaf E \ {pi, ■ ■ ■ ,pk}- Now 
we extend h to a function H by imposing the following, 

1. H coincides with /i in S. 

2. H is constant over the leaves of J-" intersecting E. 

The invariance of h by the projective holonomy group implies that H is well- 
defined. Now Mattel's estimate ensures that H is defined on a neighborhood of E 
minus the separatrizes. By Riemann Extension Theorem a continuous extension 
of H to the separatrizes is automatically holomorphic. Finally we just need to 
check that H can be continuously extended to the separatrizes setting H = over 
them. This follows immediately from observing that a sequence of leaves Li of J-" 
accumulating on the separatrix must accumulate on the exceptional divisor as well. 
Obviously h{0) = so that H = over E and the theorem follows. □ 

Now we are ready to prove the general case of the Theorem of Mattel and Moussu. 

Proof of Theorem \2.1(A . We will show this for the case where 2 blow-ups are 
sufficient to reduce the singularity. It will become clear that the procedure is the 
same for any number of blow-ups. Consider a foliation J-" such that its Seidenberg 
tree only contains reduced singularities after two blow-ups. More precisely, suppose 
that the exceptional divisor Ei of the blow-up J^i by vri at (0, 0) contains singularities 
Pi, . . . ,Pk, such that the ratio of their eigenvalues is a negative rational number, along 
with a single degenerated singularity q. 

Now we consider the blow-up 112 of q E Ei, resulting the foliation J^2- We 
must show that there is a holomorphic application defined on a neighborhood of the 
exceptional divisor E2 = (tti o 7r2)~^(0,0) of J-2, which is constant along its leaves. 
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Denote by E the set vr^^(p) (isomorphic to CP(1)), which only contains reduced 
singularities, say gi, . . . , g;. Consider a local section Si transverse to Ei close to p, 
and the section E2 on E. Consider the "local" (in the sense that it is comes from the 
singularity p) holonomy h associated to the leaf E2 \ {pi, ■ ■ ■ ,pk,qi, ■ ■ ■ , qi} and a 
path with initial and final points, c(0) and c(l) at the intersection of Si with Ei, and 
"encircling" E. This group of holonomies is cyclic and finite, since there is a natural 
correspondence between itself and the projective holonomy group associated to E2 
and E\{qi, . . . , qi}. The last is the cyclic group of rotations as was seen earlier. The 
other local holonomies associated to loop around each singularity pi are also finite 
and cyclic. Thus the "global" holonomy, i.e., the group of holonomies associated 
to the leaf E2 \ {pi, ■ ■ ■ ,Pk,qi, ■ ■ ■ ,qi} of J-2 and any path on this leaf is a cychc 
group of rotations. And so we may define the first integral as was done previously 
and extend it to the neighborhoods of the singularities by Mattel's estimate and 
Riemann Extension Theorem. □ 

2.4 Singularities in the Siegel domain 

Let us consider two holomorphic foliations J^i,J^2 on (C^,0) with common non- 
vanishing eigenvalues Ai, A2 in the Siegel, i.e. satisfying A1/A2 G ]R_. There are local 
coordinates where the foliations have the form given by Equation 02.41 p . Denote 
by hi (resp. /i2) the holonomy of J-'i (resp. ^2) relative to the axis {y = 0}. 
According to Theorem 12. 171 the foliations J-'i,J^2 are analytically equivalent if and 
only if the correspondent holonomies are analytically conjugated. This section is 
devoted to prove a generalization of this ressult for 1-dimensional foliations in the 
Siegel domain satisfying an open condition and defined on a higher dimensional 
ambient space. 

Let J-" be a foliation on (C", 0) and let X be a representative of J-' {X is a vector 
field whose singular set has codimension at least equal to 2). Suppose that the 
origin is a singular point of J-" and denote by Ai, . . . , A„ the eigenvalues of DX at 
the correspondent point. Assume that 

1. J-" has an isolated singularity the origin 

2. the singularity of J-" is of Siegel type 

3. the eigenvalues Ai, . . . , A^ are all distinct from zero and there exists a straight 
line through the origin, in the complex plane, separating Ai from the other 
eigenvalues 

4. up to a change of coordinates, X = J27=i ^i^ii^ + fi{x))d/dxi, where x = 
(xi, . . . , Xn) and /i(0) = for all i 

On 4. we are assuming the existence of n invariant hyperplanes through the origin. 

The analogous of Mattel and Moussu's result for 1-dimensional foliation on higher 
dimensional spaces can be stated in the following way: 
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Theorem 2.19 Let X and Y be two vector fields verifying conditions l.,2.,3. and 
4.. Denote by hf (resp. h\ ) the holonomy of X (resp. Y) relatively to the separatrix 
of X (resp. Y) tangent to the eigenspace associated to the first eigenvalue. Then 
hf and h\ are analytically conjugated if and only if the foliations associated to X 
and Y are analytically equivalent. 

Note that if J-" is a fohation on a 3-dimensional space and with an isolated 
singularity at the origin of strict Siegel type (i.e. such that G C is contained in the 
interior of the convex hull of {Ai, . . . , A„}) then conditions 3. and 4. are immediately 
satisfied (cf. [C]). 

The rest of this section is devoted to the proof of this result. The proof of 
this theorem can be found in either in |E-I] as also in [R2j . Here we follow the 
approach presented in [R2] . This proof is more detailed than the one presented in 
the correspondent paper. 

The proof of Theorem 12.171 is based on the following fact. Let E be a transverse 
section to one of the separatrizes of J-" (as in Theorem I2.17p . Then the union of 
the saturated of S by J-" with the other separatrix contains a neighborhood of the 
singular point (cf. Proposition 12. 8p . In order to prove Theorem 12. 191 we shall obtain 
the correspondent to Proposition 12.81 for foliations on a higher dimensional space: 

Proposition 2.9 Let X be a holomorphic vector field verifying conditions 1., 2., 3. 
and 4.. Denote by S the separatrix tangent to the eigenspace associated to Ai. Then 
the union of the saturated of a transverse section to S by [the foliation induced 
by X) with the invariant manifold transverse to S contains a neighborhood of the 
origin. 

Note that the existence of an invariant manifold transverse to the mentioned 
separatrix is a simple consequence condition 4.. 

Proof. Assume that X is written in coordinates (xi, . . . , x„) in the form 



Let us normalize the vector fields assuming that Ai = 1. 

Note that the xi-axis corresponds to the separatrix associated to the eigenvalue 
that can be separated from the others by a straight line through the origin. So 
fix a positive real constant e sufficiently close to zero and let E = {(e,a;2, . . . : 

< e, Vz = 2, . . . , n} be a transverse section to the Xi-axis at the point c(0), where 
c : [0, 2ti] — !■ C" is the curve defined by c{6) = (ee*^, 0, . . . , 0). Since the domain of c 
is compact, there exists < 6 < e such that Eg = {(£:e*^,X2, . . . ,Xn) '■ \xi\ < 6,Wi = 
2, . . . ,n} is contained in the saturated of E. 

So let I be, in the complex plane, a straight line through the origin separating 
Ai from the other eigenvalues. Consider the straight line through the origin that is 
orthogonal to I and denote be L the part of this straight line that is contained in 




(2.45) 
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the left half-plane. Finally, denote by L the complex conjugate of L (cf. figure 123} • 
Suppose that v = a + for a certain a > 0, is a directional vector of L. Then let 



It is easy to verify that the image of T by the application map (f){z) = ee^ covers 
{z : \z\ < e} \ {0}. This map is moreover one-to-one. 

Fix z (zT and consider the straight line parallel to L passing through the fixed 
point. More specifically we consider the line segment contained in this straight line 
between its intersection with the imaginary axis and z. This line segment can be 
parametrized by: 



The domain of Cz is the interval [0,t^] were denotes the instant for which the 
image of intersects the imaginary axis. 

Fix xi G C such that < e and denote hy z = z{xi) G T the value for which 
ee^ = Xi- Consider the logarithmic spiral curve contained in the Xi-axis given by 
Txiit) = {ee^^^^\0, . . . ,0) for t G [0,tz[. Note that this curve passes through the 
point (xi, 0, . . . , 0). Denote now by the lift of r^^ to the leaf through the point 

X (Xi , . . . , Xn). 

The spiral curve r^^^ satisfies r^^iGi) = {xi,0, . . . , 0) and also |ra;^(t2)| = e. Con- 
sequently, is such that r^^O) = x and 1^1(^3,(^2)) | = e, where Pi denoted the 
projection on the i^^ component, i.e. Pi{x) = Xj. In order to simplify the notation 
we simply denote by kx the value of tz{x)- 



T = {z & C : z = X + iy , X E L, —n < y < n} . 




T 





Figure 2.4: 
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Denote by the set of vector fields of type fl2.45p verifying the conditions 1. to 
4.. We have: 



Lemma 2.21 Fix X G (3„ and let V denote the set of points x in a small neighbor- 
hood of the origin for which intersects S^, for some 9 G [0, 2ti]. Then VU{xi = 0} 
contains a neighbourhood of the origin. 



Proof of Lemma 12.211 Naturally there exists a positive real number e < 1 for 
which the projection pi is transverse to the leaves of J-" on a neighborhood of the 
polydisk 

Pe,5 = {x e C" : \xi\ < £, \Xi\ <5,i>2} 

for 6 described as above. 

Fix Xi^O such that \xi\ < e and denote by z the complex number for which 
ee^ = x^. The differential equation associated to X restricted to Xi = ee^^^*^ = x^e^ 
is equivalent to the system of differential equations: 



' dX2 




< \ 


V 


dec Yi 


An 


^ dt 


V 



(2.46) 



Xn(l + v4„(x?e-,X2,...,a;„)) 



where Ai are holomorphic functions satisfying Aj(0) = 0, for all i > 2. The constant 
e can also be chosen in such a manner that 



\Ai(x)\ < 



3fJ 1 








2 


A. 






V 





Vi > 2 



(2.47) 



in P. 



Remark 2.5 Since the eigenvalues A2, • • • , A^ are all contained in the same half 
plane defined by the straight line I and not containing the direction of v it follows 
that the angle between each one of this eigenvalues and v is greater than n/2. This 
implies that Xi/v has negative real part. 

Fix x^ G P^^s such that all of its components x° are distinct from zero. It is going 
to be proved that the solution of the differential equation (12.461) satisfies x(t) G Pe,5 
for all t G [0, k^o]. 

First of all denote by p the projection on the n — 1 last components, i.e. in coor- 
dinates X = {xi,X2, ■ ■ ■ ,Xn) we have p{x) = (x2, . . . , x„). Note that p(r^.o(t)) corre- 



sponds to the solution of the differential equation fl2.46p with initial data (a;^, . . . , x^j. 
Moreover it satisfies \pi{rxo{t))\ = e if and only if t = k^o. This is still valid if we 
restrict ourselves to points x such that Xi = for some i >2. Note that {xi = 0} is 
invariant for the foliation. 
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Integrating the system fl2.46p we obtain 



Log 



X7 



't+ / —Ai{x^^e^ ,X2is) . . . ,Xnis))ds) 

V 



V 







for all i > 2. Since Log(w) = log |w| + i arg w we have that 

Xi(t) 



log 

and consequently 



X, 



^{—t+ [ —Ai{x^e'-,X2{s),...,Xn{s))ds 

V Jo V 



However 



3? ( — /" Ai(x?e",X2(s), . . . 



< 



< 



\Ai{x1e- , X2{s), . . . , Xnis))\di 



3f? 1 






J 


2 








V 





and consequently we conclude that 



\xi{t)\ < |a;0|e«(^)t+|SR(^/o A(x;et,x2(s),..,x„(s))ds)| 



< |a;0|e^(v)*-«{4r)| 



for all t G [0, /c^.o], since 3fJ(^) is a negative real number. ■ 

Condition 4. has been used in the proof of this lemma. Although the condition 
4. is always verified by vector fields on C'^ of strict Siegel type, it is not the case 
for vector fields defined on higher dimensional manifolds (cf. [C]). The condition is 
also pertinent for vector fields on whose singular point belongs to the boundary 
of the Siegel domain. In fact there exist vector fields of that type, verifying 1., 2. 
and 3. but not admitting any holomorphic manifold tangent to the formal invariant 
manifold {z = 0} (cf. jUM2] l 

Remark 2.6 Note that in the case that the angles between Ai and the remaining 
eigenvalues are all greater than 7r/2 we have that the spiral curves r^^ are in fact 
radial. 
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Let us now finish the proof of Proposition 12.91 Assume that in coordinates 
(xi, . . . ,Xn) the vector field X is written in the form f l2.45p . Let us consider the 
transverse sections to S defined above and given by = {{ee^^,X2, ■ ■ ■ ,Xn) '■ \xi\ < 
> 2}. We have that the saturates of S = So contains for all 6 G [0, 2tt]. 

Fix a point x G Pe.s whose first component does not vanish, i.e. such that Xi ^ 0. 
By Lemma [2.211 the lift of belongs to Pe^s and is such that r^lkxi) G Eg, for some 
^. So a; belongs to the saturated of E by J-" ■ 

We are now able to prove the main result of this section. 
Proof of Theorem 12.191 Let X, Y be two holomorphic vector fields as stated 
above and denote by J^x (resp. J-'y) the foliation associated to X (resp. Y). We can 
assume that X and Y are written in its normal form fl2.45p . Denote by (Ai, . . . , A„) 
(resp. . . . , /?„)) the eigenvalues of DX{0) (resp. DY{0)). Note that we can 
assume Ai = 1 = /3i simultaneously. Denote by (resp. h^) the holonomy of 
X (resp. Y) relative to the xi-axis. It is obvious that if J-^, J^y are analytically 
equivalent then hx, hy are analytically conjugated. So let us assume that hx, hy 
are analytically conjugated. It will be constructed a holomorphic diffeomorphism 
defined on a neighborhood of the origin and taking the leaves of J-'x into the leaves 
of J-y. 

Let P^ s, I and L be as in the proof of Lemma 12.211 We assume that e{< 1) 
is such that Inequality fl2.47p is satisfied in P^ s and also that the projection pi is 
transverse to the leaves of J^x H Ps^s and of J^y fl Pe^s with exception to the ones 
contained in the invariant manifold {xi = 0}. 

Let c be the loop around the singular point defined above {c{9) = (ee*^, 0, . . . , 0)) 
and let S^, be the "vertical" transverse sections to the common separatrix 
{xi = 0,i > 2} of J-'x, Ty at the point c{ff). 

Let /lo : E^ — )■ E^ be the analytic diffeomorphism conjugating and ]v{ . 
Denote by Iq : E^ — )■ E^ (resp. Iq : E^ — )■ E|') the applications obtained by lifting 
the curve c to the leaves of J-'x (resp. Ty\ Consider the holomorphic diffeomorphism 
hi = Itoh^ol^^ . Note that this family of diffeomorphisms is well defined in the sense 
that coincides with h2T^. In fact the conjugacy relation /27r o = Hq o /gjr (note 
that l2n, represent the holomomy map of J^x, J^y, respectively) together with 
the fact that /i27r = h-K ohoo /^J implies that = ho. Then it has been constructed 
a diffeomorphism defined on a transverse section to the Xi-axis along c taking the 
leaves of J^x into the leaves of J-'y. It remains to extend this diffeomorphism to a 
neighborhood of the origin. This will be done showing that this diffeomorphism can 
be transported along the spiral curves r^. 

Denote by (resp. r^) the lift of r^-^ to the leaf of J^x (resp. J-y) through 
the point x = {xi, . . . , Lemma 12.211 ensures that for all x in P^ s there exists 
9 G [0,27r] such that r^{kx^) G E^ as also r^(A;^J G . This is equivalent to 
saying that the diffeomorphism constructed above can also be transported over the 
spiral curves , . Denote by $ the resulting diffeomorphism. 

An analytic equivalence between J^x \ {xi = 0} and J-y \ {xi = 0} has been 
constructed in a neighborhood of the origin. Let us now prove that this equivalence 
can be extended to the invariant manifold {xi = 0}. Since $ is holomorphic in 
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Pe,s \ {^1 = 0} and since {xi = 0} is a thin set, it is sufficient to check that $ is 
bounded (cf. [G]). In order to do this we need to revisit the construction of $. 

From now on we use the variables x to and y to J-y. Fix a point x° G Pe^s and 
let Xi{t) = x^e^ be a spiral curve in the complex plane identified with the xi-axis. 
Let r^o{t) (resp. r^o(t)) be the lift of the spiral curve to the leaf of J^x (resp. J-y) 
through the point x^. This lift is such that its components are given by 



for all 2 < 2 < n and holomorphic functions Ai, Bi such that v4j(0) = -Bi(O) = 0. In 
this way we have that 

Xi(t) x° 

It is now sufficient to prove that ^{Bi — A^) converges. 

On Bi — Ai the function Bi is evaluated at the point {x,y2, ■ ■ ■ ,yn) while Ai 
is evaluated at {x,X2, ■ ■ ■ ,Xn)- Let us sum and subtract Ai{x,y2, ■ ■ ■ ,yn) on the 
expression of Bi — Ai. The new function has a Lipshitz component relative to the 
variables Xi, yi for z > 2 (the component Ai{x, y2, ■ ■ ■ , yn) — Ai[x, X2, ■ ■ ■ , Xn))- The 
remaining expression can be written as the sum of a holomorphic function F that 
only depends on x and another one whose Taylor expansion does not have monomials 
only depending on x. We have to estimate the integral above on each case separately. 

Let us begin with the Lipshitz component. We have that 



\Ai{xi,y2, ...,yn)- Ai{xi,X2, ...,Xn)\ < "^kilyi - 



Xi 



We first estimate the value of \yi{t) — Xi{t)\ for all i > 2. Taking account that 
\yi{t) — Xi(t)\ < \yi(t)\ + \xi(t)\ we estimate the absolute value of each variable 
separately. We have 

d 



^|x,(t)p = 25R(x,(tK(t)) 



2\xM''^(^i^ + A{x'iei,y{t),z{t))) 



Inequality 12.471 implies that |3fJ (^^t) | is less than or equal to 2^^' ^^^^ 

|logMt)r<5?(^) =^ Mfc.o)| < |x°|e^«(^)* 
The same inequality can be deduced for \yi\. We conclude therefore that 



\Ai{xi,y2, ...,yn)- Ai{xi,X2, . . . ,Xn)\ < Ke 2 
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for some positive constants K and a. Let us estimate now the value of the integral 
of the Lipshitz component. We have 



A, 



< 



[Ai(x'j'e', 2/2(5), . . . ,2/„(s)) - Aj(a;?e', 0:2(5), . . . ,a;„(s))]ds 
^[Ai(x?e^, 2/2(5), . . .,?/„(s)) - Ai{x1ei,X2is), . . . ,x„(s))] 



ds 



< I K 

K 

V 



V 

2K 

a 



e"2°* - 1 



and, consequently, the integral converges. 

Let us consider now the holomorphic component F depending only on Xi. Sup- 
pose that the Taylor's expansion of F around the origin is given by F{x) = ^ ajx^ . 
Then 



'hF{xlei)ds 

V 



Ctj yX-^ 



where the Taylor's expansion of G is given by G{x) = 'f^^- Since F is holomor- 
phic, so is G. In particular the above integral converges. 

Finally, in the remaining case we have that the holomorphic function is bounded 
by a linear combination of the absolute value of Uiit), i.e. it is bounded by Yll=2 ^ilz/il- 
This is a simple consequence of the fact that the last component is holomorphic on 
a neighborhood of the origin and the estimate of the variables ?/j. The convergence 
of the integral in that case follows as in the Lipshitz case. 

We have just proved that both and $ are bounded. Thus $ admits a 
holomorphic extension $ to the invariant manifold {xi = 0}. As $ has a holomorphic 
inverse map (the inverse map is constructed taking now the leaves of Y into the leaves 
of X in a similar way), $ is a diffeomorphism in a neighbourhood of the origin. 

It remains be proved that $ takes the leaves of Tx\{xi=o} into the leaves of 
J'y|{xi=o}- Let Z = D^{X o $). As J^y\p,^s\{xi=o} coincides with J^z\p,^s\{xi=o}, 
there exists a holomorphic function /, defined on P^^s \ {xi = 0}, such that fY = Z. 
In particular / = where Y2 {Z2) is the second component of Y (Z). As Y2 = 
X2{f32 + - . .), where dots means terms of order greater than or equal to 1, and both Y2 
and Z2 are holomorphic, / can be holomorphically extended to U\{xi = 0, X2 = 0}. 
Finally, as {xi = 0,X2 = 0} is a set of complex codimension greater than 1, / admits 
a holomorphic extension, /, to {xi = 0,a;2 = 0} ^ pag. 31] and this extension 
verifies fY = Z mU . Thus X and Y are analytically equivalent. ■ 
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2.5 Saddle-Node in Higher Dimension 

The classification of saddle-nodes in dimension 2 has been discussed in Section 2.3. 
We shall now approach the case of a saddle-node singularity in higher dimension. 
In dimension 2 a singularity of saddlc-nodc type has exactly one eigenvalue equal 
to zero. In higher dimension we can have more eigenvalues equal to zero. We will 
consider here the case of the so called codimension 1 saddle-nodes, i.e. singularities 
with exactly one eigenvalue equal to zero. 

More specifically, we will consider saddle-node foliations whose representatives 
belongs up to a linear change of coordinates to X, the subset of holomorphic vector 
fields on (C", 0) with an isolated singularity at the origin whose linear part at the 
singular point has eigenvalues Ai, . . . , such that Ai = and ^ 'H{X2, ■ ■ ■ , An). 
By T-L{X2, ■ ■ ■ , A„) we mean the convex hull of {Aj : i — 2, . . . , n}. Furthermore there 
are no resonance relations between the non-vanishing eigenvalues. 

Note that for n = 3 the considered vector fields are generic between the vector 
fields with an isolated singular point that is a codimension 1 saddle-node. It is not 
difficult to verify that the elements of X are analytically equivalent to a vector field 
of the form 

{• _ p+i 
" ? ^ -9 (2.48) 

XiXi + Xiai{x), i^2,...,n 

where x — {xi, . . . , x„) and where Oj are holomorphic functions such that aj(0) = 0, 
Vi = 2, . . . ,n. This corresponds to the Dulac's normal form for a codimension 1 
saddle-node in C". 

Let us assume that p = 1. The case p > 1 can be treated in a similar way but 
some comments will be made at the end of this section. For simphcity we denote 
by Yi,Q, a vector field of the type 



Xi = x\ 



Xi = Xi{'-ii aiXi) xihi{x), i = 2, . . . , n 



dhi 

where a — (0:2, ■ • ■ , «„) e M"~^ and hi are holomorphic functions such that tt-^L = 

dxi 

0, Vi = 2, . . . , n. We assume further 72 = 1. 

Lemma 2.22 The vector field Yi^a is formally conjugated to 

yxi^ Xi['yi + aiXi), i^2,...,n 
Summarizing, there exists a formal change of coordinates of the form 

oc 00 
H{x) - (Xi, X2 + Y^ f2k{x)x\, ...,Xn + Y^ fnk{x)x\) (2.50) 
fe=l k=l 
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conjugating Yi „ and Z^- The functions /jfc on fl2.50p are holomorphic functions on 
a neighborhood of G C"^^ verifying /ji(0) = for alH G {2, . . . , n). Let us denote 
by Go the set of formal maps of type above. 

Although formally conjugated Y\^ol and are not, in general, analytically con- 
jugated. In fact, the formal changes of coordinates presented above are, in general, 
divergent. Nonetheless Y\^ol and Z^ are analytically conjugated by sectors as the 
next result states. We note that the union of the sectors were Y\^a and Zq, are 
analytically conjugated constitutes a neighborhood of the origin. 

Theorem 2.20 (Theorem of Malmquist) |H, ICMj]/ Let H he the unique for- 
mal transformation of the form Ii2.50\) conjugating Yi^^ o,nd Zq. Then there exists a 
holomorphic transformation H defined in S x (C"""*^, 0), where S a sector with vertex 
at the origin of C and angle less then 2n, such that 

a) dH{Yi^^) = Za{H), in S x (C"-i,0) 

b) H-^H in S , as xi -> 

The union of the sectors satisfying the conditions above constitutes a neighborhood 
of the origin G C. 

A holomorphic map H as above is called a normalizing application. Denoting by 
Si the different sectors covering the neighborhood of G C nd by Hi the correspon- 
dent normalizing application we note that Yi^a and Z^ are analytically conjugated if 
and only if Hi = Hj in Si H 5"^, Vi 7^ j. The description of Hi on the corresponding 
sector goes as in Section 2.3. 

2.5.1 Sectorial Isotropy of the formal normal form 

The study of the Sectorial Isotropy for saddle-node fohations as above was considered 
in [CMlj . In that work the properties of (Hi o H~^) on the overlaps {Si H Sj) x 
(C"~"^,0) are deduced, leading us towards a classifications of codimension 1 saddle- 
nodes as above. 

Let us begin this section with a description of the solutions of the formal normal 
form. The solutions of fl2.49p out of {0} x (^^"^,0) are given by 

Xj{xi) = CjXi^e~^ , j > 2 

where (c2,...,Cn) G C"~^. Basically they are parameterized by the constants 
(c2, . . . , On). The main objective in this subsection is to relate the solutions of Z^ 
with the solutions of Yi^a on each sector given by the Theorem of Malmquist. 

Denote by ipi, for i = 2, . . . ,n, the argument of the eigenvalue 7^ and let a;i = re*^. 
Since 

I7 ■ I 
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for a fixed 6^ the behavior of Xj{xi) along the curve Xi = re*^ as r — )■ is given by 
the term ^ cos{(pj — 9). More specifically, if cos{^pj — 6*) > (resp. cos{ipj — 6*) < 0) 
then Xj{re^^) goes to zero (resp. infinity) as r goes to zero. 

A sector where {x2{xi), . . . , Xn{xi)) — > (0, . . . , 0) as r — )■ is called an attractor 
sector. This kind of sector is constituted by the directions 6 for which cos((/9j — 6)> 
0, Vj = 2, . . . , n. A sector where cos{ipj — 6) < 0, Vj = 2, ...,n, is called a 
saddle sector (in this case |a;j(a;i)| — )■ cxd, Vj = 2, ...,n). Contrary to the case 
of saddle-nodes in there exists, in general, sectors that are neither attractors 
nor saddles. Those sectors are called mixed and are characterized by the condition 
cos((/9j — 9) cos((/9j — 9) < 0, for some i ^ j. In fact mixed sectors does not exists 
only in the case that 7j G M (or M+ since we are assuming 72, . . . , 7„ in the Poincare 
domain) . 

The directions for which there exists j such that cos{ipj — 9) — are called 
singular directions of the solution. They are given by 9 — cpj ± ^, j — 2, . . . ,n. For 
simplicity we sometimes say that 9 E S instead of that x — re*^ e S. 



2.5.2 The sectors where the Theorem of Malmquist is valid 

Let 5" be a sector of C with vertex at the origin and angle less then 27r. Denote by 
Az„('S') the group of holomorphic transformations H : S x (C""-^, 0) ^ S x (C"~\ 0) 
verifying: 

a) dH{Za) = Za{H) 

b) H is asymptotic to the identity Id as Xi ^ 0, Xi & S 

{S) is a presheaf and we denote by A^^ the sheaf associated to the given presheaf . 
An element H tangent to the identity and preserving the first component can be 
written in the form 

H{x) = {xi,X2 + a2o(a;i)+ ^ a2Q{xi)x^, 

^ (2.51) 

Xn + ano{Xi) + 22 (^nQ{Xl)x'^) 

IQI>i 

where Q = (^2, • • • , Qn), \Q\ = (I2 + ■ ■ ■ + Qn and x^ = x'^^ . . . x^l". We look for 
conditions under which H G Az^{S). In order to do that we need to interpret the 
conditions a) and b) above. 

Condition a) expresses that the leaves of -^a|sx(C"-i,o) a-re preserved by the ele- 
ments of Azc{S)- This implies that 

%q(^i) = a,-QX-«^'"^-"^^e^^ (2.52) 



where 7 = (72, • . . ,7n)- 
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Condition b) says that H^Id as Xi goes to 0, with xi G S. This is simply 
equivalent to say that ajQ(xi)^0 as Xi goes to 0, with xi G 5, for all j G {2, . . . , n} 
and for all Q G W^'K 

Denote by ipjQ the argument of the complex number (Q, 7) — 7^- and let xi = re*^. 
For a fixed 9 the behavior of ajQ^Xi) as r ^ 0, is given by cos{(pjQ—9). The directions 
6 for which cos{ipjQ — 6) = for some j and Q, are called singular directions of the 
sheaf Az^ and are given by 9^q = (pjQ ± ^, j = 2, . . . ,n. We note that the singular 
directions of the solution are singular directions of the sheaf either. In fact the 
eigenvalue 7^ corresponds to the complex number jo- 
in order to study the behavior of the arguments of (Q,7) — 7j, for Q G Nq~^, 
we shall represent all these numbers in the complex plane (see figure I2.5p . We note 
that the singular directions of the sheaf are dense in the mixed sectors, while they 
are discrete in the attractor and saddle ones. Although discrete in the attractor and 
saddle sectors they accumulate on the singular directions of the solution. 




Figure 2.5: On the left the complex numbers ((5,7) — 7j. On the right the singular 
directions of the sheaf Az^ which are dense in the mixed sectors. 

Let us now describe how to construct the sectors where the Theorem of Malmquist 
is valid. First of all let us consider a direction ipo in the attractor sector that is not 
a singular direction of the sheaf Az^ ■ The sectors where the Theorem of Malmquist 
is valid are the sectors obtained by extending the sectors between the angles ipo 
and ipo ± 7T till reach a singular direction of the sheaf Az^ (see (figure 12^6]) ). Since 
singular direction are discrete on the attracting and saddle sectors, both sectors are 
well defined and have amplitude greater than tt. Denote each one of this sectors by 
5*1 and 5*2. 

By definition Si fl 5*2 is the union of two open sets, 5+ and S*-, contained in the 
attractor sector and in the saddle sector respectively. In particular S+ (1 S- = 0. 
The saddle and attractor sectors, denoted by Sg and As respectively, are antipodes, 
i.e. Ss = As + n = {e'^^a : a G Ag}. The sets 5*+ and are also antipodes. 

2.5.3 The importance of the pre-sheaves Az^{S+) and A^^(S' ) 
Let H be the unique formal diffeomorphism of C{a;}[[a;i]] conjugating Yi^a and Za- 
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Figure 2.6: How to construct sectors where the Theorem of Malmquist is vahd 



Proposition 2.10 Let Si and S2 be the sectors where the Theorem of Malmquist 
is valid. Denote by Hi (resp. H2) the normalizing application defined on Si (resp. 
S2). Then, HjoH^^\s+ (resp. HjoH^^\s_) belongs to Az^{S+) (resp. Az^{S-)). 

Let (7+ (resp. g_) be the restriction of H2 o H^^ to S+ (resp. S^). We have that 
Yi^Q, is analytically conjugated to its formal normal form Z^, if and only if Hi coincides 
with H2 on the overlaps, i.e. if and only if both g^ and g^ reduces to the identity. 
The diffeomorphisms g+, g- represents the gluing of the leaves on the overlaps. As 

already mentioned they take the form 12.51] with ajQ{xi) = ajqXi e ^1 

and ajQ^xi) asymptotic to zero as xi goes to zero. 



2.5.4 Gluing of the leaves 

In order to describe the gluing of the leaves on the overlaps, it is important to 
obtain a description of the maps of the form (12.511) on 5*+ and S^. In other words, 
we shall obtain a description of the sheaves A^^(S'+) and A^^(S'_). The next two 
propositions describe their fundamental properties: 

Proposition 2.11 Fix a sector S and assume that ajq ^ on S . Then cos{ipjQ — 
9) < 0, for all 9 such that re'^ E S. 

Proof. Since the elements of Az^ (S) are asymptotic to the Identity it follows that 
ajQ{xi)-^0 as xi goes to 0. Let xi = re*^. For a fixed 9 the behavior of ajQ^xi), 

as r goes to 0, is given by the real part of ^, i-e. by — cos(v9jQ — 9). 

Suppose that ajq 7^ 0. Assume for a contradiction that there exists 9 E S such 
that cos{{pjQ — 9) > 0. Then 

— cos{ipjQ - 9) — V +00 

which means that ajQ{xi) is not asymptotic to the zero function, contradicting our 
assumption. ■ 
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Proposition 2.12 There exists a duality between Az^{S) and Az^{S + tt) in the 
following sense: if ajg ^ in S then ajq = in S + 7r. Note that by S + n we mean 
the antipode of S. 

In particular there exists a duahty between Az^{S+) and Az^{S-). Therefore we 
just need to know the constants that can be non zero in Az^{S+), i.e. we need to 
know for which pair (j, Q) we have cos{(pjQ — 9) < 0, for all 9 such that re*^ G 
(r e M+). 

The next result expresses how the gluing of the leaves is done. 

Proposition 2.13 Fix a sector S and take an element H of the presheaf Az^iS) . 
Thus H transforms the solution of the differential equation associated to the formal 
normal form given by: 

— 21 

Xj{xi) = CjXi^e "=1 , J > 2 
into the solution of the same equation given by: 

Xj{xi) = {cj + ajo + ^ ajQc'^)x'^'e~^ , j >2 

IQI>i 

where = (?2 ■ ■ ■ ■ 

Fixed a sector S, each c = (c2, . . . , c„) G (C"^\ 0) represents a leaf of the foliation 
associated to the restriction of to S x (C"~^, 0). More specifically, c works like a 
parametrization of the leaves in 5*. If 5* does not contain singular directions of the 
sheaf, we can identify Az^{S) with the set of transformations in the space of the 
leaves given by 

{C f-> (C2 + 020 + a2QC^, . . . , c„ + a„o + 5^ ariQC^)} 
\Q\>1 \Q\>1 

We also denote this set by Az^{S). The presheaf Az^{S) expresses then that the leaf 
x(C"-i,o) parameterized by (c2, . . . , c„) is taken into the leaf parameterized by 
(c2 + 020 + J2\Q\>i «2qc'3, . . . , c„ + a„o + J2\Q\>i ^uqc'^)- Siuce S+ (resp. S-) does 
not contain singular direction of the sheaf the interpretation above can be given to 
the presheaf A^^ (5*+) (resp. Az^{S-)). 

Let us now explain how A^^(S'+) can be determined for a given sector 5*+. Note 
that 5*1, 5*2 are not uniquely determined and so do 5+, S^. The first step is to choose 
sectors Si and S2 or, equivalently, sectors 5"+ and we are going to work on. Then 
we consider the set of complex numbers C = {{Q, 7) — 7^ : i = 2, . . . , n, Q G Nq"^}. 
We can assume without loss of generality that = arg(72) < . . . < arg(7„) < tt. 

Denote by K the sector, with vertex at the origin, whose elements have arguments 
between = arg(72) and arg(7„). Then we choose two directions not contained in 
K such that the two of the four sectors defined by those directions do not contain 
any element of C in its interior (figure 12.71) . Fix one of those two sectors and denote 
it by 5*. If 5* + I is contained in the attractor sector we take S+ = S + ^ otherwise 
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Figure 2.7: Each point represents an element of the form (Q,7) — 7j for some 
i = 2, . . . , n and Q G W'-^ 

we take 5+ = S* — |. Note that S can be chosen so close to the real axis as we want 
since we can chose the two directions above so close to vr as we want. 

The constants ajg that can be non zero in Az^iS-^.) are those for which {Q, 7) — 7j 
is in the half plane, defined by the bisectrix of 5", not containing S+. Denote this 
region by R. For example, if we look at figure fI77\ on the left case Az^{S+) is given 

by 

{{y, z) ^ {y + 0200 + 0201^, z + agoo)} 
while on the right one Az^{S-^-) is given by 

{{y, z)y-^ {y + 0200, z + 0300 + as^y + a32oy^)}. 

More specifically, the monomial coefficient of on the {i — l)*''-component of g+ 
can be non- zero if and only if (Q, 7) — 7j G R- We should note that the elements of 
Az^{S^) are always polynomial while the elements A^^(S'_) are always tangent to 
the identity, i.e, 0,0 must be equal to in S_ for alH = 2, . . . , n. 

In the case that = arg(72) = . . . = arg(7„) the constants ajg that can be non 
zero in Az^{S-^-) are those such that arg((Q,7) — 7^) = n. In particular, we have 
only one element Q such that aig{{Q,j) — jj) = n in the case of a saddle- node in 
dimension 2. Therefore the element on 5*+ is just a translation as already mentioned. 
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